ON THE REAL ZEROES OF HALF-INTEGRAL WEIGHT HECKE CUSP FORMS, II

JESSE JAASAARI

ABSTRACT. We show that for > K? of the half-integral weight Hecke cusp forms in Kohnen plus subspaces
with weight bounded by a large parameter K, the number of “real” zeroes grows at the expected rate. A key
technical step in the proof is to obtain sharp bounds for the mollified first and second moments of quadratic
twists of modular L-functions.

1. INTRODUCTION AND THE MAIN RESULT

One of the striking consequences of the holomorphic Quantum Unique Ergodicity (QUE) conjecture of Rud-
nick and Sarnak [28] 23] (which is now a theorem thanks to the work of Holowinsky and Soundararajan [8])
is that the zeroes of holomorphic Hecke cusp forms equidistribute inside the standard fundamental domain
D := SLo(Z)\H, where H is the upper half of the complex plane, as the weight of the form tends to infinity.
This was proved by Rudnick [27] building upon the work of Shiffman and Zelditch [29] in the case of compact
manifolds. Subsequent investigations concerning the distribution of zeroes in small scales were initiated by
Ghosh and Sarnak [7], and then continued by Matoméki [24] and Lester-Matomé#ki-Radziwill [2I]. In a
recent work [I4] the author obtained results in the spirit of the latter work in the setting of half-integral
weight Hecke cusp forms. We refer to the introduction of [14] for the differences between the half-integral
weight case and the integral weight case, but for now we only briefly mention that an important reason why
the methods of [7, 24] 21] do not adapt to the half-integral weight setting in a straightforward way is that
the Fourier coefficients of half-integral weight Hecke cusp forms are not multiplicative.

In this paper we are interested in the rea]ﬂ zeroes of half-integral weight Hecke cusp forms, that is, zeroes
on the two geodesic segments

1
& = {SG(C: Re(s)2} and dp :={s € C: Re(s) =0}.
For motivation and related results for integral weight Hecke cusp forms, we refer to the introduction of [14]
as well as the papers [7, 24] 21].
Let us now summarise the main results of [14]. Before that we need to introduce some notation. Through-
out the article, let k be a positive integer. We write Sy 1 (4) for the space of cusp forms of weight k + % and

level 4. We also denote by S,:r 1 (4) C Spy 1 (4) the Kohnen plus subspace and let BZ‘+ , denote a fixed Hecke
2 2

eigenbasis for S;;l (4). Note that for half-integral weight cusp forms we cannot normalise the first Fourier co-
2
efficient ¢4 (1) to be equal to one without losing the algebraicity of the Fourier coeﬁicientsﬂ This means that,

unlike in the integral weight case, there is no canonical choice for B;;_ 1, but this causes no problems for us.
2

We write Z(g) := {z € F : g(z) = 0} for the set of zeroes of g € S;Jrl(él) and let Fy :={z € F : Im(z) > Y}
2
be a Siegel set, where F is the standard fundamental domain for the action of I'g(4) on H. Finally, setﬁ

— +
Sk = U Bk+%
kK

2020 Mathematics Subject Classification. Primary 11F37; Secondary 11MO06.
1This notion comes from the fact that a half-integral weight form is real-valued on the lines §; and d2 when it is normalised
to have real Fourier coefficients.
2Note also that cg(1) =0 if k is odd when g € S;L+ 1 (4).
2
3Here, and throughout the paper, the notation £ ~ L means that L < ¢ < 2L.
1
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and note that the cardinality of this set is ~ K2 /4.
With these notationsﬂ the main results of [I4] may be stated as follows.

Theorem 1.1. ([I4, Theorems 1.1 and 1.3]) Let K be a large parameter, ¢ > 0 be an arbitrarily small fized
number, and j € {1,2}.
(1) For >. K?/(log K)3/?%¢ of the forms g € Si we have

K _
#{ze€ Z(g)Nd;NFy}> v (log K) 23/2

for /KlogK <Y < K'=° with any small fized constant § > 0.
(2) For at least (1/2 — €)#Sk of the forms g € Sk we have

K
#(z € 2(g) 8N Fr) >[5
for VKlog K <Y < K'=% with any small fized constant § > 0.

The first part is proved by studying sign changes of Fourier coefficients ¢,(|d|) of a half-integral weight cusp
form g at fundamental discriminants d. The loss of powers of logarithm in part (1) is ultimately due to the
fluctuation in the size of |cg4(|d|)|. Indeed, the study of sign changes relies on estimating the second and fourth
moments of the Fourier coefficients and a consequence of the variation in the size of |¢4(]d|)| is that these
moments are not of the same order of magnitude as the fourth moment amplifies the large values of |c4(]d])].
The proof of the second part exploited the multiplicativity of c4(n) at squares following the arguments of
1.

In the same article it was suggested that it might be possible to obtain a result that holds for a positive
proportion of forms in S with > K/Y real zeroes in Fy by introducing a suitable mollifier to the argument
(we shall review the approach of [I4] in the next section). The goal of the present work is to verify this
prediction. In the following section we introduce a mollifier that is suitable for our aim. The mollifier M, (d)
is chosen so that it compensates for the fluctuations in the size of |¢,(|d|)|. Our main result is the following,
which unifies and improves the results in Theorem

Theorem 1.2. Let K be a large parameter and j € {1,2}. Then for > K? of the forms g € Sk we have
K

#{zeZ(g)Ni;NFy}> v

provided that /Klog K <Y < K'Y with any small fized constant 9 > 0.

Remark 1.3. (1) It might be possible to extract an explicit proportion of forms for which Theorem holds
from our argument, but this seems difficult and so we refrain from trying this.

(2) In the range vkloghk <Y < k/100 it is expected that
k
#lz€ Z(9)NFy} =+

for g € S;Jr%(él).

Theorem should be compared to results of Lester, Matoméki, and Radziwilt [21] for integral weight forms.
They showed that for any fixed ¢ > 0 there exists a subsetﬂ Sk C By, containing more than (1 — &)#Bj
elements, such that for every f € S we have

#{z € Z(f)Né;NDy} = c(e)#{z € Z(f) N Dy}

4We also write #X for the cardinality of a set X.
5Throughout the paper we write Hj for the set of holomorphic cusp forms of integral weight k& and full level. We also write
By, for the Hecke eigenbasis of Hoy.
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for each j € {1,2} provided that v/klogk <Y < d(e)k and k — oo for some positive constants ¢(e) and
d(e) depending only on e. Here of course Dy := {z € D : Im(z) > Y}. Furthermore, under the Generalised
Lindel6f Hypothesis they showed that

1—¢
#{Z S Z(f) N (5]' N Dy} >e (;i)

in the same range of Y.

The proof of their result relies on the breakthrough of Matoméki and Radziwilt [25] on multiplicative
functions in short intervals. Concerning the first result mentioned, note that we cannot obtain such a result for
every f, even under the assumption of the Generalised Lindelof or Generalised Riemann Hypothesis (GRH).
The reason is that in order to produce real zeroes of f we look at sign changes of the Hecke eigenvalues
Ar(m). In order to obtain a positive proportion of the zeroes on the line we need a positive proportion of
sign changes between the coefficients of Ay(m) in appropriate ranges of m. However, we cannot, for example,
rule out the scenario where for all p < (log k)?~° we have \¢(p) = 0, even conditionally.

Broadly speaking, the method used to prove Theorem is the same as in our previous work [14], which
greatly differs from the arguments used in [7, 24, 21]. However, computing the mollified moments of ¢4 (|d|)
is significantly more challenging than estimating the unmollified moments in [I4]. In particular, the main
novelty of the present work is the sharp estimation of the mollified fourth moment of the Fourier coefficients
that requires relating the moment in question to a suitable random model. Finally, observe that our result

requires considering forms in a larger family LJ;CN[(BI;"H/2 instead of just Bl—ck+1/2' The reason for this is that,
as in [I4], both the averages over the forms g € Blj+1 /2 and the weights k are needed in order to evaluate the

mollified moments of the Fourier coefficients sharply, see the discussion in [14], Section 2].

2. THE STRATEGY

In this section we explain the main ideas behind the proof of Theorem [I.2} But before that we briefly
outline the structure of the approach in [14]. There the main idea was to study sign changes of the Fourier
coefficients c4(|d|) of a half-integral weight Hecke cusp form g along the (odd) fundamental discriminants d.
It is convenient to normalise the Fourier coefficients c,(|d|) by the factor /@, where

L (k-3)
2(4m)* 7 lg]3

Throughout this section we set X = K/Y. Very briefly, it follows from a steepest descent argument that
in order to obtain real zeroes of g one needs to produce fundamental discriminants dy in short intervals
z < (—1)%d+ < x4 H with H as small as possible in terms of X ~ x so that ,/@gcy(|d_|) < k0 <k <
V/@gcy(|d]) for some 6 > 1/2 sufficiently close to 1/2. For the purpose of exposition we pretend here that
we are only looking for numbers dy for which ¢4(|d_]) < 0 < ¢4(]d+]). To detect such an event one considers
the simple fact that

(2.1) Qg 1=

b b
Z Vageg(ld])| < Z Vagleg(ld])
z<(—=1)kd<z+H z<(—1)kd<z+H
and notes that the inequality is strict if and only if ¢,(|d|) has a sign change in the interval [z, z + H]. Here

Zb signifies that we are summing over odd fundamental discriminants. In [I4] it was shown that one is able
to detect sign changes for many forms if H is chosen to be a power of log X. Indeed, choosing H = (log X )?
it was shown that for 3. K?/(log K)3/?*¢ of the forms g € Sk the inequality

SO el < S agled)

z<(-1)kd<z+H z<(—1)kd<z+H
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holds for > X/(log X)*/? of x ~ X from which one easily deduces part (1) of Theorem The two auxiliary
results needed for this argument are contained in the following lemma. Hereﬁ wy are the standard harmonic
weights that appear in the Petersson trace formula.

Lemma 2.1. ([I4, Lemmas 2.7 and 2.8]) Let h and ® be compactly supported non-negative smooth weight
functions on Ry. Then for X < v K we have that

(1)

}:fl<2€éfl> 3 aq§:bkq|d|¢)(ku> _.%is(ha» (0 + 0. (Kx/2).

ke geBk+1/2

(2)

2k — 1 b |d|
Sh ( - ) Y ol Z e, (d)) 4D ( < XKlog(XK).
keZ geB*
k+1

The loss of powers of the logarithm in Theorem stems from the fact that in the previous lemma the
bounds for the second and fourth moments of the Fourier coefficients are not of the same order of magnitude.
As mentioned above, the reason for this is that the size of |c4(|d|)| fluctuates as d ranges over the fundamental
discriminants.

To remedy this one can introduce a positive quantity M,(d) with the property that |c4(|d])|My(d) ~

w;/ 2a;1/ * and evaluate the moments of cq(|d|)My(d). This then yields information about the sign changes
of ¢,(|d|) as My(d) > 0. Below we shall choose the mollifier M, (d) so that, assuming KV < X < VK for
any fixed 9 > 0,

Si(*H) X e chgm e ()

kez qu’:r+1/2
2k —1 b |d|
=S (E) X X etara@re () = xx
kez 9€Bf,, d

for compactly supported smooth weight functions h and ®, which then implies Theorem by refining the
arguments of [14] with ¢, (|d|) replaced by c4(|d|) M, (d).

We now compare the strategies to compute the mollified moments to the methods used to establish Lemma
in [I4]. Concerning the second moment, in [I4] one executes the g-sum using the half-integral weight
variant of the Petersson trace formula after which the d- and k-sums are evaluated by Poisson summation.
For the mollified second moment we instead first use Waldspurger’s formula to express |c,(|d|)|? as a central
L-value on which an approximate functional equation is then applied. At this point the sum over f € By is
evaluated by the Petersson formula for integral weight forms. After that the d- and k-sums are evaluated by
Poisson summation. The final step is to relate the resulting main term to an Euler product that is estimated
by Mertens’ theorem.

The unmollified fourth moment was treated by starting with Waldspurger’s formula and an approximate
functional equation, after which a large sieve inequality of Deshouillers and Iwaniec was used to estimate
the double (g, k)-sum. The final step was to average over the fundamental discriminants trivially. With a
mollifier this strategy does not work and we need to proceed differently. However, the first steps are identical:
by Waldspurger’s formula we need to estimate the sum

s () T (2 B 5w (Jre) @t

f€By

6Sometimes we write wg for wy if g € Sk+1/2(4) corresponds to f € Hyj under the Shimura correspondence. Similarly we
shall use Mg(d) and My(d) interchangeably for the mollifier.
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Using an approximate functional equation we express the central L-value as essentially a finite Dirichlet
series. After expanding the definition of M;(d) we evaluate the sum over By using the Petersson formula.
This splits the sum into two parts, diagonal and off-diagonal, in a natural way. The diagonal term can be
written as an expectation value

(2.2) zd:bq) (';') S h <2kK 1) E(L(X; d, k) Ma(X; d)),

keZ

where L(X;d, k) is a random L-function built from the random multiplicative function X(m), which models
the behaviour of Hecke eigenvalues A¢(m). Similarly, M>(X;d) is a random mollifier modelling the behaviour
of Ms(d)*. Now, using Mellin inversion we may express (2.2) as a double line integral

b M 2k —1 1 // 21 TeiTee F(S1 + k?) F(SQ + k) S%+S§ . d81 d82
2 <X 2 M % ) B e ] T rw . FlensnXd) =
(2) (2)

d kezZ

for a certain function F'(sy, se;X,d) for which E(F(s1,s2;X,d)) has poles at so = —s; and furthermore the
integrand has an additional pole at ss = 0 from the factor 1/s5. It will turn out that the contribution of the
first pole cancels the main term of the off-diagonal from the initial application of the Petersson formula. This
gives a new instance of a similar phenomenon appearing in some prior works [3, 4, [I7]. The computation of
the twisted second moment of central L-values here has certain similarities with the arguments of Khan [I7]
and we are able to use some of the technical results he proved. However, there are also features that are not
present in [I7]. In particular, the main term from the off-diagonal arises in a very different manner compared
to Khan’s work.

The pole at s = 0 gives the dominant contribution, which turns out to be < XK after lengthy and
involved computations with Euler products. Here the presence of random variables greatly simplifies the
computations, especially allowing us to control the effect of “small” primes in the mollifier using some ideas
from [6]. We conclude by remarking that a back-of-the-envelope calculation suggests that the off-diagonal
from the Petersson formula can also be evaluated using arguments of Balkanova and Frolenkov [1]. This is
based on the observation that complicated special functions that arise from an application of the (weighted)
Petersson formula are solutions to certain second-order differential equations, and therefore their behaviour
can be modelled by using the WKB-approximation that is widely used for example in quantum mechanics.

2.1. Organisation of the article. This paper is organised as follows. In Section 4 we describe the mollifier
My(d) used in this work. In the following section we gather basic facts about half-integral weight modular
forms and other auxiliary results we need. In Section 6 we introduce a random model for the Hecke eigenvalues
and construct a random mollifier from the values of the random multiplicative function. In Section 7 we
evaluate a character sum that arises in the computation of the fourth moment of the Fourier coefficients. The
mollified second moment is estimated in Section 8. The estimation of the mollified fourth moment occupies
the next three sections. Finally the main result, Theorem [L.2] is proved in Section 12.

2.2. Acknowledgements. This work was supported by the Finnish Cultural Foundation. The author is
grateful to Kaisa Matomaéki for interesting discussions, and to Steve Lester for encouragement and suggesting
that the methods of [6] might be useful when computing the mollified fourth moment of the Fourier coefficients.
ChatGPT was used to check for errors in an earlier version of this manuscript, but the text in this paper is
entirely human-generated.

3. NOTATIONS

We use standard asymptotic notation. If f and g are complex-valued functions defined on some set, say
G, then we write f < g to signify that |f(z)| < Clg(z)| for all z € G for some implicit constant C' € R.
The notation O(g) denotes a quantity that is < g, and f < g means that both f < g and ¢ < f. We
write f = o(g) if g never vanishes in G and f(z)/g(z) — 0 as * — oo. Moreover, we Writem f~ugif

"This should not be confused with the notation £ ~ L explained in footnote 2.
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f(z)/g(x) — 1 as © — oo. The letter € denotes a positive real number, whose value can be fixed to be
arbitrarily small, and whose value can be different in different instances in a proof. All implicit constants are
allowed to depend on ¢, on the implicit constants appearing in the assumptions of theorem statements, and
on anything that has been fixed. When necessary, we will use subscripts <4 g,..., Oqa,3,..., etc. to indicate
when implicit constants are allowed to depend on quantities «, 3, ...

We define yq(:) := (%‘l), the Kronecker symbol, for all non-zero odd integers d. For such d we set

1 ifd>0
Ed = i .
i ifd<0

yoen

Let us also write 1,,—, for the characteristic function of the event m = n and 1jx sx)(x) for the characteristic
function for z € [K,2K]. Furthermore, Re(s) and Im(s) are the real- and imaginary parts of s € C,
respectively, and occasionally we write o for Re(s). We write e(z) := 2™, For a compactly supported
smooth function ®, we define its Fourier transform </Is(y) by

B(y) = /(b(x)e(—my) dz.
R

The sum (¢) Means that the summation is over residue classes coprime to the modulus. We also write T(x)
for the quadratic Gauss sum associated to a character x. Given coprime integers a and ¢, we write @ (mod c)
for the multiplicative inverse of a modulo ¢. As usual, I' denotes the Gamma function and p denotes the
Mobius function. In addition, d(n) is the usual divisor function, oy (n) is the generalised divisor function, and
©(n) is Euler’s totient function. The notation n = O means that a natural number n is a perfect square. We
also write [a, b] and [a, b, ] for the least common multiples of a,b and of a, b, ¢, respectively. This should not
be confused with a notation [a, b] used for a real interval. If either a or b is negative, we set [a,b] = [|a|, |b]].

The notation p®||n means that p®|n, but p®*! { n. Of course ¢ denotes the Riemann zeta function and we
write its local factors as (,(s) := (1 —p~*)~" so that ¢(s) =[], (»(s) for Re(s) > 1. We also write Tr(A) for
the trace of a matrix A, rad(n) for the radical of n € N, |X| for the measure of a set X, and E(X) for the
expectation value of a random variable X. Finally, Zb means that we are summing over all odd fundamental
discriminants and sgn(d) denotes the sign of d.

4. CHOOSING THE MOLLIFIER

4.1. Heuristics. Let d denote a fundamental discriminant, and xq(:) = (4) denote the primitive quadratic
character of conductor |d|. Let f ® xq denote the twist of f € By by the character x4, and let L(s, f ® x4)
denote the twisted L-function

L(s,f®><d):=ZAf HL ,f®xa)

m=1

for Re(s) > 1. Here

A 2\ ~
Ly(s,f © Xa) i= (1 N0 | ) )
p P
The Dirichlet series L(s, f ® xq) extends analytically to the entire complex plane, and satisfies the functional
equation

A(Svf ® Xd) = i2k5(d)A(1 -5 f® Xd)a

N\’ 2k —1
A fova) = (D) 1 s+ Ls. f @ xa).
27 2
and ¢(d) = (%) is 1 or —1 depending on whether d is positive or negative.
By Waldspurger’s formula the absolute square of ¢4(|d|) is proportional to the central L-value L(1/2, f ®
xa) when (=1)¥d > 0, where f € Hay is a classical holomorphic cusp form attached to g € S;_l(él)
2

where
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via the Shimura correspondence. This motivates us to choose the mollifier M,(d) so that it behaves like
L(1/2, f @ xq)~ /2, at least for typical g and d.
For |d| > k® we expect log L(1/2, f ® x4) to be approximated by

Z (af) + 5;;2 Xd(p)Z

2/2 ’
pi<|dl® »
where oy, 8, are the Satake parameters of f at p. Recalling that o, + 8, = A\f(p) and af, + 5;2; =X\(p?) —1
it is expected (and can be shown under GRH) that the sum above is

Z Af(p\)};d@ - %loglog |d] (14 0(1)) .
p<[d|®

Thus heuristically we expect (unconditionally) that

1 _ As(p)xa(p)
(4.1) L{=,f®xa)~ (log|d) "2 ex SRPAGE
(379 ) I

Here the approximation sign ~ should not be taken too literally. Recall that we wish to choose the mollifier
so that it approximates L(1/2, f ® xq4)~ /2. By the discussion above a natural choice for the mollifier would
be, for suitable x depending on X when d ~ X,

M,(d) = (log )"/ exp(P(f,d)),

where

P(f,d) := _% 3 M(l%d(m.

In order for My(d) to be a good approximation for L(1/2, f ® xq) one wishes to choose x < X7 for
some fixed v > 0. However, with this choice one faces a technical problem that expanding the exponential
factor into a Taylor series leads to a long Dirichlet polynomial, which in turn makes it impossible to facilitate
certain necessary computations. On the other hand, for rather small x, say = < log X, the resulting Dirichlet
polynomial has a short length, but in this case we do not expect My(d) to be a good approximation for
L(1/2, f @ va) /2.

The idea that allows us to take x to be a small power of X is to use an iterative scheme of Radziwilt and
Soundararajan [26], which is partly motivated by the Brun—-Hooley sieve. Heuristically we expect that P(f,d)
has a Gaussian limiting distribution over d ~ X with mean zero and variance ~ ilog log X. We consider
disjoint sets of primes in the intervals Iy, I1, ..., I; with I; = [K% -1, K%) for j = 1,...,.J, and Iy := (¢, K%],
where ¢ > 2 is fixed and chosen to be sufficiently large. Due to the expected Gaussian distribution, choosing
;’s appropriately, we anticipate that each of the terms

—1/2

1 Mr()xa(p)
2 Z; NG

should typically be approximated by a short Dirichlet polynomial depending on the size of 6; as the sum
inside the argument is expected to be small in absolute value for most d. We take J to be so large that
0y > m for some fixed 1; > 0, meaning that J =< logloglog K. This leads one to expect that for a typical
d ~ X we should have that

exp

1 Ar(p)xa(p) ! 1 Ar(p)xa(p)
o (-5 3 A ) [ () 30 2
- c<p<Xe \/23 =0 2 pel; \/ﬁ

can be approximated by a short Dirichlet polynomial. Due to technical reasons it is better to replace
Af(m) with the completely multiplicative function af(m) defined by as(p) := A¢(p) at the primes. The key
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observation is that using the Taylor expansiorﬁ and multinomial theorem we have

|
: pel; \/ﬁ 0<0<10¢5 ¢ 2 pel; \/ﬁ

A(n)ar(n n)v(n
- ¥ ()ggz(gj/(ﬁ)()

l

_lzaf(p)xaz(p) ~ Y 1 _lzaf(p)xd(p)

exp

pln=p€l;
Q(n)<104;

ar(p)xa(p) ,
p; 5 < Y.

Here ©(n) is the number of prime divisors of a positive integer n (counted with multiplicity), v is a multi-
plicative function such that v(p®) = 1/a!, and A(n) := (=1)*"™ is the Liouville function.

A concrete choice of parameters that suffices for us is the same one as in [22] (see also [0] for a similar
choice in a slightly different context), namely

e’ —3/4
D oglog iy M =207,

where 17 > 0 is a sufficiently small absolute constant. We choose J so that 1 < 0; < en;.
The discussion above motivates us to choose our mollifier as

J
(4.2) Mgy(d) == (log K)1/4 H My(d; j),
j=0
e (WA ) xaln)
. af(n)A(n)v(n)xa(n
M,(d;j) = Z o) .
§ (n)
pln=p€l; 2 \/ﬁ
Q(n) <t

This mollifier is designed so that it behaves like L(1/2, f ® xq)~'/? for typical f € By and fundamental
discriminant d. Note that as ¢ > 2 it follows that My(d;j) is supported only on odd n’s. Throughout the
paper we set

J
(So = Z EjHj
7=0

and note that M,(d) < K% (log K)'/*. Furthermore, M,(d) > 0 as observed in Section 4 of [22]. By choosing
71 to be small enough we can guarantee that Jy is sufficiently small for certain estimates to work later. In
particular, in our argument we impose a lower bound KV < X for some fixed ¥ > 0 and the parameter
m = n1(9¥), and consequently dy = Jo (), will be sufficiently small in terms of ¥ (in fact dg < min{9/16,7n/2}
suffices, where 7 is as in Proposition [12.1)). This will play an important role in many parts of our argument.

The method used to prove Theorem relies crucially on the estimation of certain mollified moments of
quadratic twists of modular L-functions. The relevant results are the content of the following two propositions,
which replace Lemmas 2.7 and 2.8 in [I4].

Proposition 4.1. Let ® and h be non-negative smooth compactly supported functions on Ry. Let ¥ > 0 be
an arbitrarily small fived constant and suppose that KV < X < K. Then, for 0 < &y < 9/16, we have

S (21“[; 1) S Zd:b|cg(|d|)2Mg(d)2<I> (';') - XK.

keZ +
gEBk+%

8More precisely, in the form saying that e* = (1 + O(e=?")) 20<i<iov 23 /4! for |z| < V.
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Proposition 4.2. Let ® and h be non-negative smooth compactly supported functions on Ry. Let ¥ > 0 be
an arbitrarily small fived constant and suppose that KV < X < K. Then, for 0 < &y < 9/16, we have

(4.3) S h (%I; 1) 3 ajw;%:bcg(dDﬁMg(d)‘*@ (';') < XK.

k€EZ +
QEBk+%

In the latter proposition and throughout the paper we write as an abuse of notation wy for wy when f is the
Shimura lift of g.

Given these results, the proof of Theorem can be completed following the arguments of [T4]. This
deduction is achieved in Section 12.

4.2. Evaluating the mollified fourth moment. The proof of Proposition [{.2] warrants some comments.
But before that, one easily observes using the complete multiplicativity that for any £ € N,

(4.4) M,(d)* = (log K)*/2 " he(ﬂ)@;{(}@)%)xd(n).
n< K250
Here
he(n) == > vae(nos bo) - - vae(ng; )

ng---NJg=n
pln;=pel; V0<j<J
Q(TL]‘)SZZZJ' VOS]S.]

and

vp(ny ) := Z v(ny)---v(ng).

ni---np=n

Q(nj) <LV 1<j<r
Let vj(n) := (v*---xv)(n) denote the j-fold convolution of v. Note that v,.(n;¢) < v,.(n) and that if Q(n) < ¢,
then v.(n;¢) = v.(n).
After opening M, (d)* using and applying Waldspurger’s formula to express |cy(|d|)|? as a central
value of an L-function we see that in order to prove Proposition [4.2| we would require an asymptotic evaluation
of the multiple average

> h <2k;; 1> 3wy zd:bL (;j@Xd)Zaf(r)Xd(r)cp (|§|>

k€EZ fEB

for r < K49,

This can be done, but applying the resulting formula to the left-hand side of results in an unwieldy
expression for the main term, which is hard to evaluate. Instead we introduce a random L-function in which
the Hecke eigenvalues Ay(m) are modelled by the values of a random multiplicative function X(m) (defined
shortly), and then match our expression with the random analogue. Comparison with a random model
allows us to sidestep a number of technical points that would otherwise require involved effort to resolve.
In particular, using the independence of the random variables {X(p)}, at the primes reduces many of the
computations to “local” ones evaluated at each prime.

5. PRELIMINARIES

5.1. Half-integral weight forms. Let S} 1 (4) denote the space of holomorphic cusp forms of weight k +%
for the Hecke congruence group I'g(4). Any such form g has a Fourier expansion of the form

(5.1) g(z) = Z cg(n)n%_%e(nz),

where ¢4(n) are the Fourier coefficients of g.
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For g,h € S}, 1(4), we define the Petersson inner product (g,h) to be
—— pr1dw dy
(2 )= [ oGRS

Do (4)\H

For any odd prime p there exists a Hecke operator T'(p?) acting on the space of half-integral weight modular
forms. We call a half-integral weight cusp form a Hecke cusp form if T'(p?)g = v,4(p)g for all p > 2 for some

Y4(p) € C.
The Kohnen plus subspace Sl€ 1 (4) C Sy41(4) consists of all weight k + 1 cusp forms whose n'® Fourier

coefficient vanishes whenever (—1)*n = 2,3 (mod 4). This space has a basis consisting of simultaneous
eigenfunctions of T'(p?) for odd p. It is well-known that, as k — oo, asymptotically one third of half-integral
weight cusp forms lie in the Kohnen plus subspace.

Kohnen proved [19] that there exists a Hecke algebra isomorphism between S;Zr% (4) and the space of level

1 cusp forms of weight 2k. That is, S’;_ 4 (4) ~ Sy as Hecke modules. Also recall that every Hecke cusp form
2

g€ S];:_ , (4) can be normalised so that it has real Fourier coefficients and throughout the article we assume
2

that g has been normalised in this way.
The proof of our main result uses the explicit form of Waldspurger’s formula due to Kohnen and Zagier
[18].

Lemma 5.1. For a Hecke cusp form g € S]:r+l(4) we have
2

(53) e =2 (5. f o) B2 0]

for each fundamental discriminant d with (—1)*d > 0, where f is a holomorphic modular form attached to g
via the Shimura correspondence, normalised so that Ay(1) = 1.

Remark 5.2. Using the normalisation ([2.1)) the above formula can be written in the form
1
(5.0 eyl = sk (379 ).

We also remark that L(1/2, f ® x4) vanishes when (—1)*d < 0 due to the sign in the functional equation.
It follows directly from (5.3 that L(1/2, f ® x4) > 0 otherwise. Here for fi, fo € Sax the Petersson inner
product, which is still denoted by (f1, f2), is defined to be

(f1, fa) == / f1(2) f2(z)y

SLz(Z)\H

o dr dy
y?

Using the Hecke relations we have for any a € N and prime p that

p)a = Z ha(c)/\f (p )
c=0

where h,(c) are non-negative integers given by

2 ™
7/ (2cos0) sin((c+ 1)) sin 6 d6.
0

:]

Recall that ag(n) = ][, As(p)*. By the repeated use of Hecke relations it is easy to see that

(5.5) ag(n) =Y ca(u)hs(u)

uln
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where

= H ha(c)
pllu
plIn
Later in the paper we require some specific values of ¢, (u) with n (and u) powers of a fixed prime. These
are easily computed and listed here:

c1(1) = he(0) =1 cp(1) =h1(0)=0 | cp)=hi1(1)=1 cp2(1) = ha(0
() =ha(2) =1 [ e(1) =h3(0) =0 | cpa(p) = ha(1) =2 | c,a(p%) = hs(

Table 1. Certain values of ¢, (u).
We also note the easy bounds 0 < h,(c) < 2% from which we immediately deduce the bounds 0 < ¢, (u) <
QSZ(n).
An approximate functional equation also plays a key role in our work. The following is an easy modification
of [26, Lemma 5]. Let us set ey 4 := (—1)¥sgn(d), where sgn(d) denotes the sign of d.

Lemma 5.3. Let f be a Hecke cusp form of weight 2k for the full modular group SLy(Z). Then for any
fundamental discriminant d we have that

1 = A p(m)xa(m) m
L= (1 ——— Y
(2,f®Xd> +€kdmZ:: k(|d|>
where, for any o > 1/2,
1 o 2d T k
(5.6) Vi(z) = — n(s)x_éeéz—s with n(s) = (2W)_5M.
2714 s
(o)
We also use the same definition for V,, with every real k > 0.
Furthermore, we have that

1/2—0(1)
(5.7) Vi) =1+0 ((i) )

as & — 0.
We also have the estimates

was(3)

A
(5.8) VP (¢) <ap €8 (';)

for any A > 0 and integer B > 0.
In addition, using Stirling’s formula there exists a holomorphic function R(s, k) so that for Re(s) > —k/2 we
have R(s, k) < |s|?/k and

(5.9) F(lf(z)k) =k e (140 (k7).

In particular, for [Re(s)| < k/27¢ we have

T (o (%)

Note also that Vj, = Vigyyq for u = (k- 1)/K.
To see that (5.9) holds, note that for |arg(s)| < — 4, Stirling’s formula gives

0 () (o(t),
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where the implied constant depends at most on §. Hence for Re(s) > —k/2 we have that

(o) ()
—<1+O<;>)k868(1+ Z)M 2.
For Re(z) > —1/2, we have that log(1 + 2) = z 4+ O(|z|?). Hence, for Re(s) > —k/2 we have that
(1+ Z)HS_% = exp ((k+3— 5)( +O(| |2)>
—ew (s+0(45)),

Thus we conclude that for Re(s) > —k/2 we have that

F(llf(Z)S) ke exp (O<S/:>) (1+O(]1€>),

as desired.
5.2. Basic tools.
5.2.1. Summation formulas. One of the most important tools is the Petersson trace formula.

Lemma 5.4. Let m and n be natural numbers, and k be a positive integer. Then

(o)
: S(m,n;c 4my/mn
Z wf)‘f(m)/\f(n) = lm=n + 27”2k Z %Jgk_l (f) ,
f€Bk c=1

where S(m, n;c) is the usual Kloosterman sum and J, is the J-Bessel function.

The coefficients w¢ satisfy the following bounds.
Lemma 5.5. We have

V2 < VEk and 2 1
Z wy " <K VEk an Z wr < =
feBk fEBk
Proof. Both bounds are well-known so we sketch the proof. The first bound is a direct consequence of the
estimate fepywf ~ 1 and the Cauchy—Schwarz inequality. For the second bound, recalling that (as f is
normalised so that Ap(1) =1)

r@2k—1)  2n? 1
(4m)2=1(f, f) ~ 2k —1 L(1,sym2f)

wy
L SN
2 L(1,sym2f) <

fe€By
To see this, one approximates L(1,sym?f)~! by a short Dirichlet polynomial (see e.g. [I, Proof of Lemma
8.9]) involving Hecke eigenvalues in the numerator and then applies the Petersson trace formula. This leads
to a convergent sum, which finishes the proof of the second estimate. O

Wy =

it suffices to show that

Another key tool is the Poisson summation formula.
Lemma 5.6. Let f be a Schwartz function and a be a residue class modulo c. Then
1 ~/m an
2 iw=.307(0) (%)

where ]? denotes the Fourier transform of f. Note that this reduces to the classical Poisson summation formula
when ¢ = 1.
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We shall also need a different variant of the Poisson summation formula. For this, let us define, for any ¢ € Z,
a Gauss-type sum

(5.10) n(n) =3 (5)e <‘Z’> - (“ ;i) + (;) (12“) Guln),

b(n)

A =1\ (1+74) n al
Ge(n) = (2+ o) 2(:)(@)6 W)
It can be shown that for odd coprime m,n one has Gy(mn) = G¢(m)G¢(n) and if p||¢ for a prime p, then

the exact formula for G, (p'8 ) is given in [30, Lemma 2.3]. The variant of the Poisson summation formula
needed for our purposes is contained in the following lemma.

where

Lemma 5.7. ([26, Lemma 7]) Let n be an odd integer and q positive integer so that (n,q) = 1. Suppose that
F is a smooth and compactly supported function on R. Finally, let n be a reduced residue class modulo q.

Then J ) ' .
E () F(d) = — (g) E Ja () e (m) To(n),
L n qn \n nq q
=n(q) el
where F is the usual Fourier transform.

The Gauss-type sum in the previous lemma may be evaluated explicitly.

Lemma 5.8. ([30, Lemma 2.3]) If m and n are coprime odd integers, then ¢(mn) = 14(m)7e(n). Further-
more, if p* is the highest power of p that divides £ (setting o = oo if £ = 0), then

0 if B <« is odd
o(p”) if B< a is even

(5.11) Te (P6> = —p° if B=a+1is even
(ZPT)]?O‘\/I? if B=a+1 is odd
0 ifB>a+2

Let us now define two integral transforms. For a smooth compactly supported function h, we set

h(y) = / h(;f;) eV duy
0

Nor

and
o0

V. V. h )
W;(?)(m,n,v) :=/ \/EKH(m) \;f::_l(n) (\/a)e”‘” du.

The main properties of these integral transforms have been worked out by Kharﬂ He has shown [I7], (2.17)]
that

A A
K\ K\
(5.12) W}?)(n,m,v) K Ay, A0 B (n) () v B

m

for any A;, Ay > 0 and B > 0. Thus WI((Q) (n,m,v) is essentially supported on n < K¢ m < K¢ and
v < K. Moreover, using integration by parts we have estimates for the derivatives;

. B
& (€ 2 K2 dK\Y . (|d K\ (VEz
1 = S 2 20 )& (== i(E= Y2 ) ke
G gk N (e ) e e ) ST K2
for any j >0, A1, A, B >0, and € > 0.

9In [17] the definition of V4 (¢) differs slightly from ours, but identical arguments to those in [I7] lead to the same bounds for
expressions involving Vi (€) in our situation.
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We also have the identity [I7] (2.14)]

25 (2 ) Vel s 1)
keZ
(5.14)

K e K? t 7 ;
=~ (e—WSe”Wé? <n7m,2t>>+0 = / v / Varc41(n) Vare 41 (m)(u)e’™ du| dv
R 0

By repeated integration by parts we see that the error term is

(5.15) Onn, <1§4 <Z>A (§)A>

for any Ay, As > 0.
Similarly, using [10, Lemma 5.8] we have

23" h (2’2; 1) Vie(n) Vi (1) Jo—1 (1)

keZ

w0 =) v on e (5)" (5)7)

for any Ay, A5 > 1 and ¢ > 0.
A simple application of Poisson summation gives

(5.17) Sh (2’2; 1) = Th(0) + On(K ")
kEZ

for every B > 0.
For real &1 > 0 and & > 0 we define

1 —Tr— (112 2 —X ¢ d‘r dy
W(&1,&2,v) == @) (2m) T Ve TV E e Yy (v) o
(A1) (A2)

where

h.(v) :=/ \EQLU)UZ/%”“} du.

J U

Then using (5.9) it is easy to see that
(5.18) W}?)(m, n,v) =W (%, %,v) + O. (K_H'a) )
By integration by parts, we also have the bound
(5.19) W (V) KRe(z) g8 (1+ |2])Plo| 7P

for any integers j, B > 0, and consequently

W(flv &2, U) <B,A1,42 g;Alngzv_B

for any Ay, As > 0 and B > 0.
Let
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denote the Mellin transform of %,. This converges for Re(s) > 0 by (.19) and is holomorphic in this
half-plane. In particular, by Mellin inversion we have

1 ~
(5.20) ha) = 5 / =" (s) ds
(o)
for any ¢ > 0.
The treatment of the off-diagonal in the fourth moment computation requires the following auxiliary result

[I7, Lemma 3.3] concerning properties of the Mellin transform of the function #,.

Lemma 5.9. For 0 < Re(s) < 1, we have

(5.21) ho(s) = /h(;{fu)uzﬂsl“(s) (COS (%) + isin (%)) du
0

and the bound h.(s) KRe(z) (1+]2])]s| 72

Observe that the right-hand side of ((5.21]) is holomorphic for Re(s) > 0. Hence, the identity (5.21)) continues

to hold in this region as does the same bound for 7, (s) uniformly in vertical strips, which can be seen by
repeated integration by parts and using Stirling’s formula.

5.3. Other tools. We also record the following well-known uniform estimate for the J-Bessel function [12]
(2.117)]. For v > 0 and x > 0, the J,-Bessel function satisfies the bound

v
x ex
5.22 L)L —= 7= -
(5.22) v(@) \/y+1<2y+1)
Another crucial auxiliary result is the stationary phase method for estimating oscillatory exponential integrals.

We quote the following special case of a result [5] Proposition 8.2] by Blomer, Khan, and Young that is uniform
with respect to multiple parameters (see also [3I, Lemma 5.6]).

Lemma 5.10. Let X, Y, V.V1,Q >0 and Z:=Q+ X +Y + V1 + 1, and assume that

VALY
yi/2 -
Suppose that h is a smooth function on R with support on an interval J of length V1, satisfying
h(t) <; XV

for all j € NU{0}. Suppose that f is a smooth function on J such that there exists a unique point tg € J
such that f'(to) =0, and furthermore

O >YQ 2, fYUM)<;YQ forallj>Tlandtc J.

Yy >2z¥0 vi>v>

Then

|f" (o) Y3/

Finally, we require the following simple consequence of the maximum modulus principle.

/h(t)e(f(t))dt — €Sgn(f”(t0))7ri/4mh(to) L0 <Q3/2X ) <V72 + (Y2/3/Q2)>> )
R

Lemma 5.11. Let N be a positive integer and let {by, }1<m<n be arbitrary complex numbers. Set
Q(s) = Z bym ™%,
m<N
Then we have that

|Q(—0o +it)] < N7 sup |Q(iy)|
yeR

for any 0 >0 and t € R.



16 JESSE JAASAARI

Proof. We define
F(Z) — zzlogNQ ZZ Z b ez(logN logm)z
m<N
Note that for Im(z) > 0 we have |e!(°8 N=logm)z| < 1 and so F is holomorphic and bounded in the upper
half-plane. Furthermore, on the boundary (y € R) we have |F(y)| = |Q(iy)|.
Therefore by the maximum modulus principle (as the upper half-plane is conformally equivalent to the
unit disk) we have that

[F(t +io)| < sup |Q(iy)]
yeR
for all o > 0 and ¢t € R. On the other hand,
|F(t + ZU)l _ ei(t-i—io) lochz(_J + Zt)
= N77Q(—0 +it)|

and so we conclude that

|Q(—0 +it)| < N7 sup |Q(iy)],
yeR

as desired. O

6. RANDOM MOLLIFIER

6.1. Random model. In order to define a random counterpart for our mollifier we require a probabilistic
model for the Hecke eigenvalues A¢(m), which we now introduce following [20]. To motivate the model, let
G* denote the set of conjugacy classes of G = SU(2) endowed with the Sato-Tate measure. Note that if
m > 1 has the prime factorisation m = p{" ---p}*, then we have

0
= H )‘f (p]
j=1

o) = (O‘P 5)

with a,,, 8, being the Satake parameters of f at a prime p. We write ggc (p) for the conjugacy class of the matrix

H":]e\

r (Sym® (g5 (p;))) ,

where

g¢(p). Then it can be shown that for a fixed set of primes {p1, ..., p¢}, the (-tuples {g?v (P1)y ey gfc (pe)} fem, of
conjugacy classes equidistribute inside (G*)¢, with respect to the harmonic probability measure determined
by the weights wy, as kK — 0.

This suggests the following random model for A(m). Let {gi}, be a sequence of independent random

variables with values in G* that are distributed according to the Sato-Tate measure. Then we define a
random multiplicative function X : N — R by setting X(1) = 1 and

X(m) = ﬁ Tr (Symaj (gﬁj))
j=1

for m = pi"* - - py*.
We note that

mn
(6.1) X(m)X(n)= Y X (?)
d| (m,n)
and E(X(m)) = 1,,=1. By linearity of the expectation these give
(6.2) EX(m)X(n) = > 1=1lnp.

d|(m,n)
mn=d

These random values X(m) provide a natural model for the Hecke eigenvalues Ay(m).
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6.2. Construction of a random mollifier. Let X be the random multiplicative function as above. Then

we define a random mollifier

My(X;d) = (log K)'/2 [[ My (X:d),

0<j<J

where

M) = Y AXOIEG) S )

29(n)  /n
pln=p€l; \/>

Note that we may also write

A(n)xa(n)hi(n)

Mi(6id) = (log )2 Y- SR

n<K?2%

uln

> en(w)X(u).

uln

This is a random counterpart for M, (d)? as can be seen by comparing the previous display to (4.4) for £ = 1.

7. CHARACTER SUM

In the proof of Proposition [£.2] we require the evaluation of a certain character sum. In this section we achieve

this task. In order to do this the following result is needed.

Lemma 7.1. ([2, Theorem 2.1.2]) Let p be an odd prime and a,b,c be integers with pta. Then

ar? +br+c\ 7(%) if b2 — 4ac # 0 (p)
Z( >_ (-1 (2) iv*—dac=0(p)

z () p

The main result of this section is the following.

Proposition 7.2. Let d be an odd fundamental discriminant and let ¢, u,v, and 1 be natural numbers.

(1) Assume that vy = ulc,d)?/c*. Then the sum

Z Z Xa(x)xa(w)S (zw,u;c) e (W

z ([e,d]) w ([c,d])

vanishes unlesﬂ d|c, in which case it equals

son(d) - <2 ) (-1 #OD T - p).

w(ldl)

pld
plg

Here #{p|d} is the number of primes dividing d.
(2) The sum

Z Z xa(x)xq(w)S (zw, u;

z ([e,d]) w ([e,d])

vanishes unless d|c and (d,c/d) =1 in which case it equals

sgn(d) - ¢ - p(|d])xa(u)Ze/jay (),

where ZE,.(u) is the Ramanujan sum given by

10Note also that the condition d|c forces vn = u.

c)

)
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Proof. We begin by proving part (1). Suppose first that d 1 ¢. Then there exists a prime p|d for which p 1 c.
From the assumption vy = ulc, d]?/c? it follows that p|vn. By symmetry we may assume that p|v.
After opening the Kloosterman sum and rearranging our task is to evaluate

@y > Y watwe (D ) S atee (M4 ).
7 () w ([e.d) <C [C’d]>x([c,d]) < ¢ [C’d]>

Let us focus on the inner sum. We compute
[e,d]/|d] -1 |d| -1

ZXd(x)e<“;’7+[Zz]>: hz% Z:xdhd+é ((hd+1€)< +[cj)d]>)

 ([e,d])

ld|-1 [e,d]/|d| -1

Zxd <<7+[cj)d]>) }; 6<hd<wcv+[cjjd]>>'

c,d . d _ c,d
{[d] if wy - iy +v=0 (5)

0 otherwise

Clearly the inner h-sum is given by

The ¢-sum is a usual Gauss sum and it evaluates to
d
v (D
e, d]/|d|

d B e, d]
e T

for some integer h. By the assumption made in the beginning of the proof, both summands on the left-hand
side are divisible by p. On the other hand, by construction p does not divide the number [c,d]/|d| as d is
squarefree. Thus p|h. But in this case

O RCAN _
M(mww)”wo

using the identity (¢, d) - [e,d] = ¢|d|.
Let us now write

as p|d, and so the whole sum vanishes.
Thus we are reduced to the case d|c. Note that in this case [¢,d] = ¢ and (¢, d) = |d|. All the computations
above are still valid so taking into account the evaluation of the h- and ¢-sums it follows that (7.1)) is given

by
vy + wn d(wy +v)
. Xd c Loy 0=0 (c/|d])-

Vi 5 w e

Note that writing wy +v ="h- ‘d , the w-sum can be written as

(s nhy
Z Xd (7 (h' a1 U)) xa(h)e (d) )
h(|dl)
and so at this point ([7.1)) is given by

3 Y v (e § =) (5.

v(c h (ldl)

To treat the subtraction inside a multiplicative character we write, using [11} (3.12)],

(15 0) = s S (@g-@)

b (ldl)
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Thus

5 v (5 ) () = 3 vt (-2 =2 Zxdh)e(W)'

h(|d]) b (|d])
The inner Gauss sum equals
c _
ldIxa (b~ R nv)
and we also have 7(x4) = £4+/|d|. At this point our sum is given by

\/WZXd ZXd(b g+bm) (—?)

b(|dl)
¢ e <> *Xd by + b2 - Efy .
\/@b%) d % ( d )

Now we use the complete multiplicativity of x4 and the Chinese remainder theorem as well as apply Lemma
[Z1l to the inner sum to see that

* c\ _ o) * c
> xa (57772 +b*- &7) = ) > Xa (me +b?- 87>

7 (e) ~(ld])
v(c) 1)#{pld)
— Xd(bﬁ p 1 —
e(|d|) E
plg

Thus we have shown that the sum we started with can be written as

€4 |d| (\}WXd #{”‘d}H (1-— Z Xa(b < )

pld b(ld])
pl§

when d|c.

The final remaining sum is again a Gauss sum that equals £4+/|d|x4(v). This completes the proof of (1)
by recalling vn = u (for d|c) and the fact that £2 = sgn(d).

Moving to the proof of part (2), we again begin by opening the Kloosterman sum. The sum in question
equals

72) Se() X wlopatwe (1),
v (e) z ([e,d]) w ([c,d])

As in the proof of part (1), we see that the sum vanishes unless d|c. We assume this condition from now on.
Next we apply the well-known identity

(7.3) 3 xa(w)e <bzv) _ {|§l| -7(xa)xa(bld|/c) if c|bd

oo 0 otherwise

with the choice b = yz. We observe that the sum vanishes unless c|yzd. But as (y,¢) = 1 this can only
happen when c|zd. In this case, if (¢/d,d) > 1 we have

d
Xa(x) = Xd (2 . i) =0,
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and so the sum also vanishes. Thus we also assume that (¢/d,d) = 1. By using the identity (7.3)) we compute

Y xa@)xa(w)e (@) = & -7(Xa) Y Xd (IZZZD Xa(vy)
)

z ([e,d]) w ([e,d]) y (Id]

= |Z| (Xd)Xd<| |) > xaly)?

y (Id])

o (ld) 7 (xa)xa < ).
|d| |d|
Substituting this into the expression (7.2) gives

o elabrtuana (5 |) > e ().

Making the change of variables v — 7 and applying the Chmese remainder theorem we have
> ute () = e (2)
7 ()

v ()
— vt (5 ) Sepa o)
Id| /ld|
where we have also used the fact that x4(¥) = xq(7). Thus the sum we are interested equals
c —
m@(ldl)T(Xd)QXd(u):c/|d| (u)

when d|c and (d,¢/d) = 1. On the other hand, 7(x4)? = sgn(d)|d| and so we get the claimed expression

sgn(d) - ¢ p(|d])xa(u)Zc/ja)(u).
This completes the proof. O

8. Proor orF ProrosITION [4.1]

We start with the following result concerning averages of quadratic characters. The proof is standard and
similar calculations can be found e.g. in [26] 22] [15] [16].

Lemma 8.1. Suppose that n is an odd positive integer with n < X'=7 for some fized small 0 < v < 1/2.
Let ® denote a smooth and compactly supported function on RT. Then

S (4)- 20011 (1+2) oo, (10545,

pln

Proof. We pick out the property that d is squarefree by the identity

= 1 if d is squarefree
(8.1) S ula) = {

— 0 otherwise
a=1
(a,2)=1
a?|d
Note that the above identity holds without the condition («,2) = 1, but this can be added as by construction
(d,2) = 1. Inserting this into the expression on the left-hand side of the statement in the lemma shows that
the d-sum is given by

e > () T (e (5)
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Let us set Y := X1/27¢/\/n for fixed 0 < € < /2. We split the a-sum in (8.2) into two parts corresponding
to a <Y and a > Y. For the latter terms we estimate the r-sum trivially and get the upper bound

< Z < <. X1/2+Ef
a>Y

For the terms with o <Y we will evaluate the r-sum by applying Lemma[5.7] The terms where n is a square
will contribute the main term in the zero frequency term on the dual side and the rest will give the error
term.

Using Lemma the zero frequency contribution is given by

(8.3) Yoo 3 M@

where we have added back in the terms with o > Y at the cost of an error term of size <. X/2+¢/n.
A simple computation shows that, recalling n is odd,

£ ()
@Sy p#2 pln

leading to (8.3]) being equal to

(8.5) gfﬁ(()) 1T (1 - p12> 1T <1 + ;>_1 S

p#2 pln

It remains to bound the contribution coming from the other terms (i.e. £ # 0) after applying Lemma
The sum we have to estimate after an application of Poisson summation is

4n ; e Z <4fj2>e<&fn>”(")'

1#£0
(a,2n)=1

But, as X/na? > X% in this case, the f-sum is, say, < X ! due to the rapid decay of ® and using the trivial
estimate |74(n)| < n. Thus the whole sum is bounded by < Y/X <. X'/?*¢,/n, concluding the proof. [

We now begin the computation of the second moment of |c4(|d|)|. We will only prove the lower bound

SH(T) = S aarm@re (i) > xx

keZ €B+
k+2

since the proof of the upper bound is similar. By Waldspurger’s formula and (4.4) we have to estimate the
average

2 () g oo () e

kEZ fEB
2k —1 b 1 |d] hi(n)ag(m)A(n)xaq(n)
=001 o () 3w 30 (o) o (g) 3 RN
EZ fEBk d n<K?2%

Let us first use the approximate functional equation and then apply the Petersson formula to the f-sum. For
the latter, note that using (5.5) and the Petersson formula we have

Z wf)\f(m Z wf)\f ch

fE€Bk fE€Bk uln

= Z en(u) - 1=y, + error,
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where the error term contributes

b (A1) 5 () £ S ()

keZ

hi(n)A(n n 2 S(m,u; e 4m\/mu
LIV NS SR P iy

n<K?2% uln c=1

to the original sum. This gives a negligiblﬂ contribution by estimating trivially using Weil’s bound for
Kloosterman sums, the bound (5.22)) as the m-sum is essentially supported for m < |d|K'*¢ in which case
mu < mn <. K%+ X and recalling that 7; is chosen so that 6y < 1/4 as well as X < VK.

The main term contributes

(logKl/2Zh<2k >Zb <|d|) Gran 3 ’chmx%)w (f;)

kEZ n<K?2% uln

to the original sum. We may replace Vj(u/|d|) by 1 using (5.7), which produces an error
< VXK = o(XK).

Here the final estimate holds as we can guarantee that g is sufficiently small.
Let us define a multiplicative function

uln

nu=[

At this point we evaluate the d-sum using Lemma (note that nu < K*% < X'*) and the k-sum by
(5.17) to see that the main term is

v —1
(8.6) =XK(ogK)'* T[> A(”)ﬁgz?if/(g’m 11 <1+119> '

0<j<J pln=p€l; plrad(n)

Here the implied constants depend on the weight functions h and ®. The error term from Lemma
contributes <. X K1=%/4*¢ by trivial estimation.
Next we estimate the individual terms in the product. By Rankin’s trick and the properties of v,(n;{)

listed after (4.4)) we have

A(n)e(n)ve(n; ;) A
2 Py H)<”p)

pln=p€l; plrad(n

Q(n)§2€]

- A(n)e(n)va(n) 1)~ 1 o(n)a(n; £)) AN
= 2 Tpwmg o (i) ol X o 1T (e,
pln=p€el; plrad(n) pln=p€l; plrad(n)

Note that the error term is

1 1 o - (log K)°M + L
“d I (o))< =y

pel;

11Throughout the paper we use the term “negligible” to mean that a quantity is <4 K~4 for any A > 1.
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Using multiplicativity we also have

e ()

pln=p€I; plrad(n) p

() ) o )

pel;

Combining the previous estimates with the fact that (which follows from «(p) = 1/,/p)

11 <1— (;;2)\1/}( r) <1+;>_1+L(p2):;(pQ) <1+;>_1+O(p12>>1 < 1j—o - (log K)°W +1

pel;

it follows that the main term is

= XK (log K)'/? H (1—“@\”/}(’7) <1+;>1+L(792):;(PQ) <1+;>1+O<p12>>

c<p<K9s

< 1 (1+o <1j—0 : (1025)0(1) +1>) .

0<y<J

To estimate the latter product from below note that

1j=0 . (lOgK)O(l) + 1 1 1
11 <1+0< T =1+0(5) 25

0<j<J

as 11 was chosen to be sufficiently small.
Moreover, by Mertens’ theorem the first product is bounded from below by

11 (1 - % +0 <p12>> > (log K)~1/?

c<p<K9Js

as u(p) = 1//p, u(p?) =1+ 1/p, and va(p) = va(p?) = 2.
Hence, using these we get that is

> XK(log K)'/?(log K)~Y? > XK.

This finishes the proof of Proposition O

9. RELATING THE FOURTH MOMENT TO A RANDOM MODEL

We now begin the estimation of the mollified fourth moment of the Fourier coefficients. Here our argument
combines ingredients from [6] and [I7]. Indeed, in order to compute the mollified fourth moment many
technical calculations simplify by relating the original sum to a random model. The starting point is a
lemma, which plays a key role in the proof of Proposition Let us define a random Dirichlet series

X(ma)xa(mims) ( > (m2>
L(X;d, k) :=2(1+¢ Vi Vi
( ) kd) E g T k 1d] k ]

mi1= 1m2 1

Note that this is well-defined by the bounds (5.8]).
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Lemma 9.1. Let n < K*° be an odd positive integer, let 9 > 0 be an arbitrarily small fived constant and
suppose that KV < X < VK. Then we have that

S ()50 (51) 3o (o) i

fe€By

_ Zb ("”) xa(m) S h (2’2; 1) E( L05d0) Y enlw)X(u)

keZ uln

relld) g ( ldl cn(u) 1 / e i 2 1ot
K = s — : (X KY2E)
+ Kh(0 Z d X Z i xa(nu) 5 U Zv dz 4+ O ( )

(1re) vluw

Proof. Using the approximate functional equation, and noting that (1 + E;M)Q = 2(1 + €1,4), we have that
the sum on the left-hand side equals

2%:% (';) S h <2k;; 1) (14 2pa)

kEZ

B 32 3 e () v (1) St

fE€By mi=1mo=1

Rearranging and using the Hecke relations this can be written as

2Zb ( >Zh(2k >1+sk,d)

k€EZ

DI (|d)vk<|d|)2 3 e (M) o

m1=1mo=1 jl(m1,mz) fEB

Now an application of the Petersson formula shows that this is

D3 () Zn (2 e

kEZ

% Z Z Xd mlmzn (”ZJ) Vi (T&T) ;cn(u) Z Linyms/j2=u + off-diagonal contribution,

mi=1mo=1 j\(m17m2)

where the off-diagonal contribution is given by the sum of two terms

e ()50 () 3 3 xlmmanly, (v ()

kEZ mi1=1mo=1

<Y eaw) Y %Z mlmz/a uc)J2k1<m)

Jc

uln jl(my,m2)

o e (R () £ 8 M () ()

mi1=1mqo=1

Saw Y3 mlmQ/J ““)JQH (“W).

Jjc

uln jl(mi,mz) e=1
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For the main term we use the relations (6.1)) and (6.2)) to write it as
b. [ |d] 2k —1
2> 7o <X > h = ) (14 ex0)
d kEZ
mim ’I’L mim
XZ ZXd 1Mo <|d|)v,€(|d>2cn(u) Z E(X( L 2)X(u)>
Jl(

mi=1mo=1 jl(m1,mz2)

_QZb (M)%h(% ) (1+ k)
5 e <7;;> <|d>z%

mi= 1m2 1

)5 B e

d keZ uln

Next we will analyse the off-diagonal contribution in more detail. Let us start by treating the first term in
(9.1). We begin by executing the k-sum using (5.14)) to see that the first term in the off-diagonal contribution
equals

d mq meo _
‘fKZb <| |) Z Z al 3/4Xd3/4 )ZC”(“)“ e

mi1=1mz=1 my uln
) ) 9
—27i/8 m1m27u ¢) (2/mimau mij moj K¢
(9.2) xIm | e Z Z - W e

(4,d)=
+O- (X3+E /K?),

where the error comes from estimating the error term using and - for Ay = Ay =e. As X < VK,
the error term is <. XK/27¢. Observe that all the sums are convergent by the bounds for the function
W

Splitting the m;- and ma-sums into congruence classes modulo [c, d], these sums may be written as

(9.3) > > S(aw, use)xa(z)xa(w)

z ([e,d]) w ([c,d])

_ _ 2 ] i K2
< 3 S g MW ) (g mag c \
mi=z ([c,d]) me=w ([c,d]) ¢ |d| |d| SW\/WW

Applying Poisson summation to the m4-sum shows that it equals

1 Ze v /y73/4e 2/ymat yv W yj maj  K’c q
e, d] = e, d] J c e, d] E-\|d] |d| * 8n\/ymzu

Similarly, applying Poisson summation to the mo-sum gives, after some computations, that our double sum
equals

S Y S (ewuse) ale) QZZ (”*“”7) T

z ([e,d]) w ([e,d]) VEZNEL

2
¢ [e,d] e, d] |d| |d|’ 8m\/yzu
R

R

where
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We first focus on the y-integral. Let us set

Fly) = 2\/yzu _yv o2

c [e,d]  [c,d]

Note that for v < 0, the derivative f’(y) is bounded away from zero on the support, and repeated integration
by parts gives a negligible contribution. Hence we may assume v > 1 before applying Lemma [5.10] An easy
computation shows that the integral has a saddle point at

e, dPzu
Yo = 202
Similarly a straightforward computation gives
ule, d] n " 1
= — d .
F(yo) = = ( v [c, d]) an (o) 2 zule,d)?
Note that by 1' the function W[(? ) decays rapidly unless
(9.4) lyl < |dIE/5, |z < |dIK'/), and fyz| > K'9¢ u.
Under these restrictions we have
9 .0 X2+5u
IS TR

As u < n < K*0 we deduce that ¢- and j-sums are both essentially supported for ¢, j <« K2o~-1teX = U.
We also observe that from the restrictions (9.4]) it follows that the stationary point only occurs when

(9.5) o], 0] < K" X%u = V.

The part of the y-integral outside [yo/2, 23] can be shown to be negligible by repeated integration by parts.
Thus, up to negligible error, the integral Z is given by

e 2
//w (y) y_3/4z_3/4e (2 yru _ yv__ _Zn ) W( ) (y] 2 K ) dydz,
JJ Yo c [e,d] e, d] || |d|” 87/yzu

where w € C2°([1/2,2]) for which w(z) =1 for 3/4 <z < 4/3.

We apply Lemmawith the choices Q@ = yo, V =V; < yp, X = [(62*3/4;/0_3/47 and Y = /zuyo/c. It
is straightforward to check that the conditions of the lemma are met under as in this case Y >, K27,
Q <. K3/?t¢ and X < 1. We conclude that

. _ _ d] 7 9 (e, d)*zuj zj  K2%c*v
T =2 Ti/4 1/4/ 1 U[C’ _ W( ) ’ acl d
Ve Veu AT e, d] K c2v?|d| ||’ 8mzulc, d) ?
R

3/2
—11/34¢ Vev

and so it follows that the expression (9.2) is, after some simplification, equal to

vy Zb o (1) i - ;hn(e—m'/zz Pl 2 2wl

uln (4,d)=1 c=1 vEZNEL z ([¢,d]) w ([c,d])
) v+ wn . ule,d] 1 @ ((zule,d?j zj  K*cv
(96) % S(sr:w,u,c)e( e, d] )/Z c (z( c2v [c, d] Wi v2c2|d| 7 |d|’ 8wzulc,d] dz
R

+0 (XK.

Note also that the exponential phase in the integral vanishes when nv = u[c,d]?/c. If this is not the
case, we may bound the integral using the first derivative test [0, Section 1.5]. Indeed, note that in this case
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the absolute value of the derivative of the phase function is > 1/c?v[c,d]. Using the first derivative test the
integral satisfies

T <. K™%, d)*.

Estimating everything else trivially using (9.5]) and the Weil bound for Kloosterman sums shows that is

<. XKZ|C7L(U)| Z % Z Cl/2+s Z K72+€u[c’ d}Q

uln iU 7 egU [vl,Inl<V
<. XK1/2+E

when nv # ule, d)?/c%.
In the case nv = ule, d]?/c* we use part (1) of Proposition [7.2| to deduce that the main part of the first
summand in the off-diagonal is

Va0 (1Y el N g X1
ﬁK@@(Q(l) 5 el X0

uln

. 1 gp(c) / _ ) zuj  zj K3cv
9.7 I ™i/2 N2 TTa - w ) d
(6.1 < tm e 2 52 oy L0 [ W (e )
vlu (4,d)=1 Cd‘cl p‘\fj R
plg

We extend the definition of W (zuj/K|d|v?, zj/K|d|, K*cv/8mzu) to all real numbers z by setting

W (zuj/K|d|v?, zj/K|d|, K*cv/87zu) = 0 for 2 < 0. Note that the resulting function is still smooth. Using
the approximation (5.18)) and Poisson summation we see that the integral in (9.7) equals, up to an error
< K71,

j i KZ%cv > huj hj K?3ve
71W 2uj <] dz = h71W o) K*lOO )
/Z K|d[v? K|d| 8mzu) < }; Kldo? K| 87hu ) © ( )
J -

By Mellin inversion we have, for any ¢ > 0,

W huj hj K?3vc
K|d[v?’ K|d|” 8Thu

1 ) 22 huj \" " hj \ Y K?vc\ dxdy
— 2 =Y 27 +Y A By it
271)? / / (2m) ¢ <K|d|v2> <K|d|) A\ 8rhu xy

(14¢) (1+¢)

1 T S huj N\ hi \ Y [/8rhu\"~ dx dy
— T—y Tty
a | ] e (Fie) (w) () R 50

(14¢) (14¢€) (1+¢)

—~

where we have used (5.20) in the final step.
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One also easily computes, for Re(z) > 1,

el e .
; c*=-o(|d]) g Z:: +z |d|1+z g( p)
d|c Pl pld

1 J

= |d[T+= H L+ Z p(f(iz) H
p q|d_

qlp’

1
= WH 1+ij(1+z) H

pld ptd

1 Hl-l—zj 1p,(1+z)( p)H 14 - ‘P(p])

= dite ©(p) J(1+2)
] B D DA B =1 P

_ &) e P —p
=i+n H(p<pz—1>+p—1>’

pld

where in the last step we have used the fact that d is squarefree.
Substituting these into (9.7 leads us to consider, up to an error term < X K¢, the expression

WKZ" (|d> #{p\d}zcn

uln

1 ~
x Im <(2)3 / / / (27()*30*?46302+y2 u27$(87r)zK:v+y722|d|a:+yfz Z v2zfzhz+y (Z)
e
(14€) (1+¢) (1+e)

S ded
X Z ]1+:1:+y (Z pltaty— Z) ZCHZ -7H -p) | dz zyy>

v|u

(4,d)= c=1 pld
ple
— V2 bi <|d|) o - ) cn(u
uln
« Im < (2731)3 / / / (27r)—w—yegg2+y2 uz—x(SW)ZKw-l-y—Qz'd'w-ﬁ—y—z Z UQx_zﬁx+y (Z)
(13e) (13e) (13e) vlu
¢(2) < e p*—p ) dx dy
9.8 X((1l+x+y)—"-— 1-— =y l+z+y—2)dz .
(9.8) q y)C(Hz)g (1-p Vo141 y—a)ds—

But this expression is < X K''/2 by shifting the z-integral, say, to the line Re(z) = 2 (recall Lemma [5.9| and
remarks after it) as we are not crossing any poles in this shift, the product over p|d is uniformly bounded,

and E1+y(2) decays rapidly in vertical strips. This concludes the treatment of the first term in 1)
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Finally, let us focus on the second term in . By re-parametrising it is given by

b Xd(mimsg)S(mima, u;c)
SO CORTVE) WETD W 3D WP ik
u‘n c= mi1= 1mz 1 m2
(J d) 1
2k — jma jms 47 /mimou
h | —— .
<Son (B ) () v () s (25
kEZ
Using (5.16)) the k-sum is given by

7h 4\ /mimou v, Jjmy V .3 Jma
k) Vi T n /g T

up to an error term

CXEPEY LYY o Y Y i)

Jj=1 m<<XK‘7+5/J nK X Kate/i cy/mnu/K uln

X3/2
Kl—e¢
using the Weil bound.
Let us concentrate on the contribution coming from the main term in the k-sum. By splitting mq- and
me-sums into congruence classes modulo [c, d] the sum we are interested in is given by

2Zb( )sgn d)xa(n) Y cn(u) ; Z YY) xa(zw)S(zw, usc)

uln =1z ([e,d]) w([e.d])
(J d)=1
1 4 /mimou jmy Jjma
(99) X Z Z o ]’L ( oK ) V%+2w\/w (M V%_i_zn@ W .
Applying Poisson summation to both mi- and mo-sums gives

Z Z 1 h 47T\/m1m2u V ) jml V ) ij
mi1=x ([c,d]) ma=w ([c,d]) \/T cK b |d| b |d|

- dQZZ <xv+wn>

NELVEZL

// (477 3132u> v, (j51> v, (352> . (—(vsl +7’]82)> dsidssy
2+T’7\/51“2“ |d| 7’7\/91“2“ |d| [C, d] /78182 .

As the function h is compactly supported, we have s1so < K2c?/u. Using this and ([5.8)) we see by repeated
integration by parts that the double integral is

o () ()

for any A > 1 unless v =1 = 0. On the other hand, by the Weil bound we have
Z Z Xa(zw)S(zw, u; c)e (W) <. [e,d)?c/?*e /u.
c
 ([¢,d]) w ([c,d]) ’
Thus, the contribution of the term (n,v) # (0,0) to is, say,
< XK e (u)|u®? <o XK/2Fe

uln

<e

mi=z ([¢,d]) ma=w ([c,d])

by choosing 7; so that &g is sufficiently small as u < n < K*% and X < VK.
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The contribution from the terms n = v = 0 equals

2 Zb ( )sgn )Xd(n)ch(u) Z EZ% Z Z Xa(zw)S (zw, u; )
an =t P e e ledp v (e

// 4w, /s152u 8182U v, js1 V & dsidsg
14 2n/FieE |d\ L v id] m

Using part (2) of Proposition [7.2| and re-parametrising r = ¢/|d| this equals

(9.10) 27 Zb (|d> () ch u)xa(nu) Z Z |d|2r2

uln

(a1 <rd>

x//h 4 /s152U Vo, j81 Vo, @ dsidsy
/) ek ) st \d| ) st \d]) ) fsisz

We make the change of variables

£ = 47./81S9U and & = s1
L |d|rK 27\ s
so that
5 — ‘dl’l‘Kflfg and s, — |d|’l"K§1

! dm/u 2T AmJugs

Calculating the Jacobian we see that
dSl ng |d|’I“K f dfg
15—

\/S182 27'('\/»
and thus (9.10)) can be written in the form

d (Id u 1 X E.(u
(9.11) bi (|X|> |lz||)z \/(E)Xd(nu) Z 3 > 75)

uln =1 r=1
(j,d)=1 (rd)=1
I IrK&6 irke d@
X//h(fl)vksyl ( i )VK&1+1 <4 N2 51
00

By applying Stirling’s formula in the form (see (5.9)))

T (5 o)

JrE& & _L/ @ (Jré) T ds —1,c Jrée -
Ve ( Am\Ju )_ omi ) © \ Vau g TOBe | KTu {1t Vau
@)

for any B > 1, and similarly

grE& 1 2 gr \ Cds . jr \7F
Vg (4#@) i ] ¢ (ﬁ&) s*O“(K ! (H\/ﬂz> )

we get that
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These lead to the estimate

JrE&i&e JrK& d€2
//h 51 VK€1+1 (M) VK£1+1 <4 \/—€2> dfl

it [or (22w () o (1 (14 %) )

for any B > 1, where we have defined

1 2 s dS
W(z) := 9 | €20
(2)

The total contribution from the error term to is <. XK°&.
Next we apply Parseval’s theorem for the Mellin transform in the form

]of(t)g(t L / ()31 - 5)d

o0 —S
/W I8\ gy () d€2 _ L j*r? p2s2 48
Vu Vués ) & 2mi u 52
0 )
as the Mellin transform of the function £ — W (jr&/\/u) is s — (jr/\/ﬂ)*seﬁ/s and the Mellin transform of

the function & — &YW (jr/€/a) is s — (jr/ )~ te@=9% /(1 = s).
Substituting these into (9.11)) gives the main contribution

This gives

= o lldl) - en(w) L[ o 1 o E(wds
(9.12) Kh(O)M; i X g [T Y G Y e
@ Gad)=1 (rd)=1

It is well-known that

Z Er(u) oa2s(u)

rlt2s  25((1 4 2s)
for Re(s) > 0, which gives

i = (u) _ oa2s(u)
| rlt+2s u?sC(1 + 2s) led (1—p1-29)
(r,d)=1
Thus
o0 o0 —_—
1 Eq(u)  oos(u)
Z j1+23 Z 7f.1+2s - u2s .
j=1 r=1
(j,d)=1 (r,d)=1
Note also that
" —2s 0_28 —2s Z 1)28

v|u

Substituting these into (9.12]) gives
-~ p(ld]) cn(u) 1 / 2% g 5 ds
Kh(0 E . 5%, —s 2 : sds
(0) |d] Vu Xa(nu) 27 e u v 52’

uln (2) v|u

which is the desired secondary main term. This finishes the proof. O
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Let us define another random mollifier by

My d) o= (log K) 3 ’chmxm
n< K490

J v
—og k) [T Y Aalmratnib) s )

J=0p|ln=pel; \f

uln

uln

=My ; (X;d)

This is a random counterpart for Mg(d)4 (compare to (4.4) with ¢ = 2).
An immediate consequence of the previous lemma is the evaluation of the mollified second moment of
central L-values.

Corollary 9.2. Let ¥ > 0 be an arbitrarily small fived constant and suppose that K¥ < X < /K. Then,
for 0 < dg < 9/16, we have

e (454 (%) 5 o (o) o

kEZ fEBy

_ zd:bcp (';') k%h <2k[; 1> E (L(X; d, k) Ma(X; d))

~ cn(u 27’ _
(9.13)  + K(log K)h(0) Y h;Q NG ZW&T' <|d|)z \/(a)Xd(nu)eri U Ty v da

n<K4%% uln 2) v|u

+ Os (X1+250+€K1/2) )

Note that the error term is < X K (log K)~7 when 7; is chosen so that &y is sufficiently small.

10. A RANDOM COMPUTATION

Let us now define for min{Re(s1), Re(s2)} > 1,

oo (oo} oo o0
X ) m1m2 X pjl pj2 Xd(pJ1+J2)
L(817527X d E § : m H Z Z p]151+.7252 ’
mi=1mo=1 p j1=03j2=0

=:Lp(s1,52,X;d)

Our next goal is to estimate the contribution of primes of different sizes.

10.1. Contribution of the small primes. We need to understand the contribution of the primes with
c < p < K%. This involves understanding the interaction between L(s +1/2,s2 +1/2;X,d) and Ma o(X; d).
A key point is that since M o(X;d) consists of relatively small primes we can express it in terms of an Euler
product with negligible loss since ¢ is large. This allows us to simplify our later analysis by reducing the
problem to understanding the contribution from each prime p € Iy individually. Let

(10.1) Myo(Xid) = > chn(u)xm).

pln=p€loy uln

We have the following result.
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Lemma 10.1. For min{Re(s1),Re(s2)} > —(loglog K)?/log K we have that

1 1
E [ M2,0(X;d) g L, (sl + 5,52 + Q;X’ d)
pcio

— 1 1
=K M270<X;d) H Lp (81+2,82+2,X,d> +O((logK)—10)
p€lp

Proof. Let us write
~ A lp)
R(X;d) i= Moo (X;d) — Mao(Xsd) = Y (n >29 " va(n; bo) 3 culu)

pln=p€lp uln
Q(n)>40,

and let us denote Lg(s1, $2;X,d) := H;DEID L,(s1,s2;X,d). Then by the Cauchy-Schwarz inequality we have

]E( 2) E (|R(X;d)[?).

Since Lo(s1, s2; X, d) is a finite product, this function is analytic for min{Re(s1),Re(s2)} > 0. Let us first
analyse E(|Lo(s1 4+ 1/2, s2 + 1/2;X,d)|?). We simply compute

“

1 1
Lo <S1 + 5782 + 2;X,d)

2
1 1
Lo (51 + 582+ 2;X,d> R(X;d)D < IE(

2

2
_ X(p)X(p")xa(p* +72)
> - H 4 Z Z pj1(81+1/2 +Jj2(s2+1/2)

p€lo J1=0j2=0

2

1 1
Lo <S1 + =82+ 2;X7d)

Set
X(p9 )X (p7) X (079X (p
Z (p1)X(p2)X(p2)X(p")

p(j1+j2)(51+1/2)+(j3+j4)(52+1/2) ’

p(X,p%; s1,52)) = xa(p®)
Jitiz+ist+ia=a
An easy computation shows that

E(p(X,pis1,52))) =0 and  E(p(X,p%s1,89)) < p~ ! 2min{RelnReloa)},

2
1
E ( ) =11 (1 O (p”“i“{Re(sl)’Re(sz)})) '

p€Elp
Using that min{Re(s1), Re(s2)} > —(loglog K)?/log K we have p1+2mm{ne<gl) ey K 5 L for p € Iy and so

the right-hand side of the previous display is < (log K)°().
We next estimate E(|R(X;d)|?), which equals

A A ¥ i 4p)
ooy A m%?ﬁﬁi@ii’ﬁ%” P20 NS o (1) () EK (1) X 1)

Thus

1
Lo <81 + -,

1
7.Xd
2 32+27 ) )

p|n1=p€lo p|na=peElo
Q(n1) >4y Qnz)>4l,

We have 22("1)=4% > 1 for Q(n;) > 4¢y. Thus using the bound ¢, (u) < 2" and estimating the Liouville
function and x4 trivially, we see that there exists a constant C' > 0 so that

ui|ny uz|na

2
E(|R(X; d)[) < 28( Z Z Z A(rni)A(rng)xa(r nlng)u(rnl)y(rng)cml(r)cmz r)
p|lr=p€&ly p|n1=pEly pln2=pclo rvmnz
(log K)°M ()
9800
plr=p€ly
(10.2) < (log K)O)

2840 ?
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where we have used the fact that c is sufficiently large so that the sum in the middle converges. Combining
the two estimates above and recalling that £y < (loglog K)'*/* completes the proof. O

10.2. Estimates for the large primes. Here we study the contribution of the primes p > K% . These do
not interact with our mollifier and consequently their contribution is easy to understand. Estimating these
terms precisely allows us to meromorphically continue E(L(s1 + 1/2,s2 + 1/2,X; d)M5(X; d)) as M2(X;d) is
a Dirichlet polynomial with coefficients supported on integers with prime factors < K97.

Lemma 10.2. For min{Re(s1),Re(s2)} > 1/2 we have that

1 Gp(1+s1+s2) ifptd
]E(Lp<sl+252+ Xd)) {1 i

Proof. We simply compute

1 1 a(ph ) k k

E (Lp (81 + 552 + 2;X,d>> Z Z kl(sl+1/2 +k2(52+1/2)E (X(p DX(p 2))
k}l Okg_o

- i Xa(p j)

B = p(1+sl+sQ)j

= 1
=1+1pa- Z (1+s1+s2)j
=P

1
= 1 + 1p1’d . (1 _p7(1+81+52) — 1)
=1+ 1pa- (G(L+s1+s2)—1),
which proves the claim. O

Thus using the dominated convergence theorem we have for min{Re(s1), Re(s2)} > 1/2 and any z > 2 that

1 1 1 1
E(gLP(sl+2’52+2;X’d>> pl;[ZIE(p<51+ 52+2;X,d>)

=[] G +s1+s2)
p>z
ptd
= C(l + 81+ 82) H Cp(l + 81+ 82)71 H Cp(]- + 81 + 82)71
p<z p>z

pld

If u is a natural number with all prime factors < K%, this provides a meromorphic continuation for
E(X(u)L(s1 +1/2,504+1/2;X,d)) to Re(s1 + s2) > —1/2 with simple poles along the hyperplane s; + s3 = 0.
Indeed, by choosing z = K% above, we have

1 1
E <X(U)L <51 + 5,52 + i;X, d))

1 1 1
H Lp<81+2,32+2;X,d> E H L, <S1+ 82+2;X’d>

p<K%s p>K%J

(10.3)

1
=C1+s1+s) [[ GA+si+s)" [ GO+s1+s2)'E w I e <S1+ 82+2;X,d>
p<KYs p>K®JI p<K6J
pld
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We further compute using the Hecke relations for X (n) and (| - ) that

H L, <51+ 52+;;X,d) =E | X(u) Z X(mq)X(mz)xa(mimsa)

p<Kf’1 mi,ms mi1+1/2m;2+1/2
plmima=p<K®J
_ Xd(mimy) )
o Z s1+1/2  s341/2 Z u=mima/h?
mi,mz my my h|(m1,m2)
plmimae=p<K®J
B 1 Xa(mimz)
= Z h1+51+52 Z 51+1/2 52+1/2 S lu=mime
(h,d)=1 mima 1T mgy
plh=p< K97 plmime=p<K°J
—1
(10.4) _ xa(u) H 1— ; Z 1
. u1/2+52 p1+81+82 pS1—S2 .
p<K%J v|u
ptd

Combining (10.3]) and - we have

E (X(u)L (81 + %,82 + ;;X,d))

-1
— Xa(u) 1 L ! !
=+ +m) 50 ] (1_pl+sl+52> 11 (1_171“1“2 1L (1= pes) 2o

p<K®J p<KO%s p>K%J vlu
pid pld
_ Xa(u) 1 1
- g(l + 51+ 82)u1/2+32 H (1 - p1+51+52 Z pS1—82 ’
pld v|u

which provides the promised meromorphic continuation to Re(s; + s2) > —1/2.
By definition of M»(X;d) we obtain the identity

1 1

B ha(m)A(n)xaq(n) 1 1
= (log K) n;}éo W ch(U)E (X(U)L <S1 + > S2 + > X, d)>

ha(n 1 1
(10.5) = (logK)-C(L+s1+s2) > —2%)[ ZI: u1/2+52 H (1 - p1+sl+82> D

n<K*%0 pld vl|u

|n

where we have used the fact that hy(n) is supported on integers n with prime factors at most K%,

10.3. Mollified main term contribution. Next we use (10.5) to evaluate the diagonal contribution of
Lemma [0.T] to the mollified second moment.
Let us define

7L2(n) = Z va(no)va(ni; ) - - va(ng; £).

ng-NJg=n
pln;=pel; V0<<J
Q(n;)<40; V1<5<J

Our next goal is to prove the following result.
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Lemma 10.3. Let 9 > 0 be an arbitrarily small fized constant and suppose that KV < X < /K. Then, for
0 < dp < 9/16, we have

;bq) (I;I) S h (2’; 1) E (L(X;d, k)M2(X;d))

k€EZ
_ 7 b (141} U] Kld| log p
= K (log K)h(0) %60 500 ”)\f Z (X d xa(nu) | log NG +Z =1 +0(1)
_ 7 b (14} #Ud) L/ 257 o1 N 281 d31
K (log K)h(0) <§K:450 29(”)f Z ( > le 2m e“ly zl:v >
ns (2) viuw

+0 (KX (logK)™").

Proof. By Mellin inversion we have

Zb <|d>zh(2k > (L(X;d, k) M2 (X; d))
kEZ

fzzb <d|>éh( ) (1+20)
(10.6) « E ﬁ / / (E)‘ B F(?(;r)k) F(?(;‘)k)esf-s-ng(sl,82;X,d)CEf

(3+e) (3+¢)
where
m mim 1 1
F(sy,s2;X,d) := My(X; d) Z Z e1+1/22 ijgl/; 2) _ My (X;d)L <51 g8t 2;X,d> .

mi1=1mqo=1

Using the definition of M»(X;d) it follows from the discussion above that E(F(s1, s2; X, d)) has simple poles
along the hyperplane s; + so = 0.

We move the line of integration from Re(s2) = 1/2+¢ to Re(s2) = —1, crossing simple poles at so = 0 and
sy = —s1. Clearly the double line integral is O.(X'/2K1/2%2) after shifting the contour by using Stirling’s
formula. Next we shall study the contribution of the residues at these poles to separately.

e Residue at so = 0: This contribution is given by

(10.7) 2%:% (@)Zh(%f) 1+ eha) 5 / <|d|) ) F(f}(;k) e1¢(1+ 51)
Lie)

kEZ

x]E(ngo(X;d)Lo <81+ >)HE My ;(X;d) I Lp ( Xd) dsill.

pEl;

Using Stirling’s formula we may truncate the s;-integral to |[Im(s1)| < Blog K at the cost of an error
term of size O(X), where B is a sufficiently large absolute constant.

We then shift the line of integration in to Re(s1) = —(loglog K)?/log K, crossing a double pole at
51 = 0. We will show that the integral on the new line is, say, O(K X (log K)~7). The horizontal segments
give obviously a much smaller contribution when B is chosen to be sufficiently large. To bound the integral
on the new line we define

ho(n)A(n)xq(n —s
Pals) = ) (222(£)3/><7;i( )Z Z
n< K450 uln vl|u
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and observe that the integrand in ((10.7)) is
21\ "7 T(sy + k) 2 1
— — ZeS1((1 | I 1—- ——
|d|> T(k) (1+5) < p1+81) Paler)

pld

oz ) - (

by (10.5)).
Using multiplicativity to write

3 =1 Paste)

where

Pugle) = 3 i) 5 L) 57

pln=p€l; uln v|u
Furthermore, for any » > 0 and n,¢ € N,

dz
Lom)=¢ = / ~t—

1 1 / l—z e'_ldz
Qn)<t; = 5 11—

so that for r # 1 we have

z

le ng ng dZ4
/ / / / RZ 21,22,23724 H]: S 217227237Z4) B
R1%2273%4

This allows us to Write

de(

1;
z 2|z 2|z 2|z 2 pe
\1\ |22|=2 |23|=2 |z4]= p)(d
where
—4;—1
1—=2
— h
RZJ(Z1)Z27Z3aZ4) A H 1 —1
h=1 +  *h
and

(_1)j1 +j2+i3+7a Xd (p)]l +j2+ij3+ja le z%z Zég 2314

.7:1;(8,2172’2,23,24) = Z

J1+i2+is+iap(Gitiz+is+ia) /25,1551 ia 14
J1,92,33,J4>0 2 p J1ljalgsljal

Ji+j2+js+ia Xd(ph) h
X Z ij1+j2+13+j4 (ph) h/? ZP*TS
h=0 p r=0
h
_i Iz 422 + 23 + 21) Zc a(p") —rs
o 2J]|pj/2 pi (P h/2 p

We begin by bounding Py(s) on the line Re(s) = 0. Estimating everything trivially shows that
1
fp(it, 21522, 23, 2’4) =1 + 0] <p>
uniformly in ¢t € R, j € N, a fundamental discriminant d, and |z1|, |22], |23], |24] < 2. Thus we have that

1
Pa,j(it) < exp | 16 Z -
pel; p

Taking the product over j < J and recalling that J =< logloglog K we deduce that P,(it) < (log K)°M)
uniformly in ¢ € R.
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To bound Py(s) for Re(s) < 0 we use Lemma This together with the upper bound for Py(it)
established above gives
Pa(—0 +it) < (log K )0 [4%0e
for any o > 0.
Choosing o = (loglog K)?/log K this gives
P, ( (loglog K)?
log K
Using this, Stirling’s formula, and the easy bound
1
p
pld

for Re(s) = —(loglog K)?/log K, we see that the contribution from the part |[Im(s)| < Blog K of the s;-
integral on the line Re(s) = —(loglog K)?/log K is

< XK (log K)°W exp (—(1 — 460)(loglog K)?) .

Choosing the parameter 77 to be suitably small we can guarantee Jy to be small enough so that the upper
bound is < XK (log K)~7
The residue contribution from s; = 0 is given by

XE(M270(X;d)L0(51+ ))H]E My ;(X;d) [ Lo ( X,d) )

pel;

+ it> < (log K)°W exp (46 (log log K)?) .

Now we wish to replace the factor

11 ~ 11
B (M2 l0 (51 + 5555 d) ) by B (Moo (5 4 5 5i%d) ).

and so we need to estimate the quantity

(10.9) Ressl_()( (ZD - F(Srl(lj) k) 5 <(1+31 HE My ;(%:d) ] Ly ( X, d) )

pEl;

where
. 11
Ao(s) :=E ((Mm(x; d) — Mao(X; d)) Lo (s +5:5i%, d)) .

For simplicity we also define

Bra(s) = (f;r) Hk H]E Ms;(X; d) HL< X,d>

pel;

Clearly both functions Ag(s) and By 4(s) are analytlc in, say, |s|] < 1/log K.
As ((1+s) =1/s+ v+ O(s) the residue ([10.9)) from the double pole at s; = 0 is given by

d

ds|,_,

Here ~ is the Euler-Mascheroni constant.
By Lemma we have |Ag(s)| < (log K)71° for |s| < 1/log K. Furthermore, by Cauchy’s integral
formula this gives the bound

(Br,a(s)Ao(s)) + vBr,a(0)Ag(0).

|AG(0)] < (1ogK)| s KIAo(s)|<< (log K)~°
s|=1/log
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We also have

J
1 1
(10.10) E I =z (81 +5st 5%, d) [ M2;(X;d) | < (loglog K)©™)

K% <p<K®%s j=1

for, say, |s1],|s2] < 1/log K. This can be proved by repeating the arguments used to bound Pgy(it) above.
Using this and Stirling’s formula it is not difficult to see that

Bya(s) < (loglog K)°™
for |s| < 1/log K. Thus, again by Cauchy’s integral formula we have

|Bla(0)] < (log K)  sup  |Bya(s)| < (log K)*.
|s|=1/1log K

Therefore the quantity 1D is < (log K)~7 and so we may replace M o(X;d) by MQ,O(X; d) in 1} with
an error < X K(log K)~
A straightforward computation, using the residue theorem and (|10.4]), shows that

o () 5 () 0 () i o

kEZ

J
— 11 11 1
x E (Mz,o(x;d)Lo (31 + 55X d)) TIE | M2c5a) T Lo <51 + 35 2;X,d> : )

j=1 pEl; 51
equals, up to an error < XK (log K)~7,

b (1Y £ § el
2oe k) 2 2Q”>\FZ (%) G ==

n< K450 uln

th<2kfgl> (1+eka) log<|2§|) d(u)—l—lg((:)) ~d(u)+Z;ng Zlogv—l—fy u)

kEZ pld vl|u

Here we have used the observation that after expanding the definition of MQ_]O(X;d) we may restrict to
summands with n < K4%_ which produces an acceptable error < X K (log K)~7 using the argument in the
proof of Lemma [T0.1}

The expression above can be simplified by using the easy observation that

FF’((:; =log(k—1)+0 (,i) = log (K' kK1> o (11) |

Zlogv—f )logu

v|u

and noting that

to be

d (Id u)d(u
Aok) Y A Zb o (I9) 205 52 L2

n<K%*% uln

2k —1 k|d| log p 260+
E 1+ I +E + + O, (XK=%7¢) .
X h( )( €kd) og(2 f) . ~ ( )

keZ pld
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Then evaluating the k-sum by Poisson summation, the above main contribution may be written, up to an
error O(XK'/?), as

K(logK)/ﬁ(O) Z Q e Zb ‘d‘ e(|d]) Z cn(u)d(u) xa(nu) [ log K|d| n Z logp +o()
B )\f X)) ld NG 2m/u —1

n<K4%0 uln

e Residue at sy = —s;: Likewise, using the series representation

1
(Ata)=—+7+-,

the term corresponding to this residue equals

ha(n
—2(log K) ) gsln)\f Zb <X)Td

n<K4%0

2k — 1 81 + k (— 2 _ 2 d81
h 1 Sl S1 S1
<2 ( K ) enalgy / F(k w v
(2)

kEZ vlu
Executing the k-sum by Poisson summation, it follows that this contribution is given by
N b |d| |d| ]- 25 —s1 2s1 d81
(10.11) — K(log K)h(0) > QQ(n)f Z (X S Z Ty Z as1
n<K4%0 (2)

up to a negligible error. This completes the proof. O

11. PROOF OF PROPOSITION

Combining Corollary and Lemma we immediately get the following result. Here we note that (10.11))
precisely cancels (9.13)).

Lemma 11.1. Let 9 > 0 be an arbitrarily small fized constant and suppose that K¥ < X < VK. Then we

have
2
kEZ fEBs
a ~ ha(n)A(n) by (141 (1) x en(u)d(w) Kld| log p
= K (log K)h(0) ng;éo PCONG Ed: o (X) d] ; Ju Xa(nu) | log <2w\/ﬂ> + plzdp_ 1 +0(1)
+O0(KX(logK)™").
At this point we need to evaluate the sum
b o(ld]) Kld| |d|
(11.1) d Xd(nu) d log (QW\/H) d (X) .
Writing
(11.2) Z M
jld

and using (8.1]) together with Lemma we see that ((11.1)) equals

x pleu(y) plm) | mé()l ay+ 0. (XV/2+ /i)
2 DO/ s (5 ) - )

2
2 S Jla2, 4] nu
([a?,4],2nu)=1
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A straightforward computation gives

2 J([ =G 11 ( 13>_1’

a,j>1 £|nu
([QQ,j],z’ﬂu)zl ¢ prime
where
2 1
Cp = H <1 -zt 53) ~ 0.6851992091.
0#£2
¢ prime

Consequently,

p(@)pg) —p(nu) 11\
. — 14 - — — )
D R § B G Ay
a,j>1 Llnu
([o? 5],2nu)=1 ¢ prime

Thus, by writing log(X Ky/2m/u) = log(XK) — (logw)/2 4 log(y/27), we see that the term corresponding
to log(K|d|/2mu) contributes

Kok S P2~ eu(w)d(w) 1oy
= XK(log K) ng{;éo O % Y H(HP p2) .
nu=0

The contribution of the error term is <. X /2K +4%+¢ « XK as §y < /16 and X > K".
Next we estimate the contribution of the second term, i.e.,

d (4] u)d(u lo
K(log K) Z Zb (|X|) |ll|| Z (\/)E( )Xd(nu)z &P

-1
n<K4%0 uln pld p

Rearranging, this equals

(11.3) K(ogK) Y h;é(g)f ngpzcn Zb ( ) |||)Xd(nu).

n<K%%0 uln d=0 (p)

Using and we have
b o (1 — (j b d
57 @ () A atm = -2 57 e (1)

d=0 (p) Jj=1

<.

Il

—
h.‘

I
hE
=
<
]
x
5
&
LSy
VR
=
N———
]
=
B

QU Q.

(1l

= o O

2=

NS

EZZ
Q
_m
sH

<.

Il

—
M.‘

I
(]
E
=
=
2
S-\g
<
Y
S
£
i
o
=
S—

Applying Lemma [5.7] to the inner sum shows that the previous display is
X N .
= .3(0) Z H(a)ﬁé@ ) @(nu) 1,0+ O. (X1/2+5 ﬁnu> .
2 L2 dlpe? gl nu

(Ip,a?,j],2nu)=1

The contribution from the error term is < X K as above.
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A straightforward computation shows that

. -1
T M:co-lmm-p;ll 11 (1_;”13) ,

. 3 3 —
2 dlpa? ] pap=1 0
([p,o® .j],2nu)=1 ¢ prime

Thus, (11.3)) is bounded by
ha(n)A(n lo cn(u)d(u -1 nu 2 1\ !
< K(ogK) 3 ™2 )()Z gpz (wd(u) p p(nu) 11 (1_€2+£3>

Q(n) _ 2 _
n<K%% 2 \/ﬁ P p—1 \/a prtp—1 TZ’U, Lnu

¢ prime
ha(M)A(n) = cn(w)d(u) (nu) 2 1\!

< XK (log K) Z 5 Z . H 1- 24 =

(n) 2 3

n<K4%0 2 \/ﬁ uln \/E e Llnu t t
¢ prime

as the sum logp/(p? + p — 1) converges. Using a similar argument, the contribution from the O(1)-
term can be bounded by the same expression. Furthermore, the total contribution from the error terms
O: (Xl/z'*'E Vnu) is <. K100+ X1/2 by estimating trivially.

Using the previous estimates to bound the d-sum and recalling we have that, when d is sufficiently
small,

£ ()0 (5) 5 o (o)

keZ fEBy

7 -1
<. XK(log K)? Z ha(n)A(n) Z cn(u)d(u) H (1 n % - p12> 4 XL/ a6 +e

Q(n)
it 29(n) \/n Vu o
nu=0
A(n)vya(n) en(u)d(u) 11\ !
= XK(log K)? Y S > [I(t+--5
(n) 2
pln=p€ly 2 \/ﬁ uln \/a pln p p
nu=0
J -1
A(n)vg(n;l;) en(u)d(u) 1 1
(11.4) <11 > 5 =Y [[l1+=-=) +0xK)
(n) 2
ipmager, VR Ve p N PP
Q(n)<4¢; nu=0

as X/2K1t4%+e « KX when §y is sufficiently small, because X > K7 for some fixed 9 > 0.

Let us now estimate the first term on the right-hand side of . We remove the condition Q(n) < 4¢; by
arguing as before: using Rankin’s trick and the estimate ¢, (u) < 29(1) it is easy to see (as in the derivation
of (10.2)) that there exists C' > 0 such that

A(n)va(n; ;) cn(w)d(u) 1 1\*'
Y M (- )

pln=p€l; uln pln
Q(n)<4; nu=0
AMn)vy(n) en(u)d(u) ( 11 )1 1 Cm)
= Y l+-—=) +0(=
Q(n) Z H 2 7
pln=p€l; 2 \/ﬁ u|nD \/H pln p p %4 plm=p€l;

Here we have again used the properties of v,.(n; £) listed after (4.4). The error term is

1 cRm) AN '
— - =_ 1-= 9t
263' Z m 2@1‘ H ( p) <<C

plm=pel; pEl;



ON THE REAL ZEROES OF HALF-INTEGRAL WEIGHT HECKE Cusp Forwms, 11 43

using the estimate

1 0; B
Z - :loge +0(1) =0().

P Jj—1
pel;
For the main term we use the facts v4(p) = 4, va(p?) =8, and ¢,(p) = ¢,2(1) = 1 to see that it equals

10-20(3)

PEI;
It follows that the product over 1 < j < J is

) JIIL (=5 -0 (32)):

1 j=1pel;

J
140 ((log K)°M27e%) + 0

J

Using that 274 < 1/¢; < 9;’/4, and summing the geometric series, the error term is < 0(?}/4 < 1. Hence, it
follows that the right-hand side of (11.4)) is

2 1
< XK(ogK)* ] (1+0<2>).
c<p<K9s p p

But this is < XK (log K)?(log K)~2 < XK by Mertens’ theorem. This completes the proof of Proposition
4.2 O

12. PROOF OF THEOREM

In this section we complete the proof of Theorem For this, the main observation is the following result,
which connects finding real zeroes to (essentially) detecting sign changes among the Fourier coefficients.

Proposition 12.1. ([14, Proposition 6.1]) Let o € {—3,0}. Then there are positive constants c1,cs and 1

such that, for all integers £ € (c1, ca\/k/logk) and all Hecke eigenforms g € S;;l(ll), we have
2

k 1

eyz 1

vas (5)7 " ata+ive) = Vage,(De(at) + O,
where yp := (k — 1/2) /47l and the implicit constant in the error term is absolute.

Let a € {f%, 0}, e > 0 be any fixed small constant, and let K be a large positive parameter. Recall that
as g(a + iy) is real-valued for these values of o, Proposition yields information on the zeroes inside the
Siegel sets

Fy ={z€ F:Im(z) > Y}
with ¢jvklogk <Y < ¢k for some positive constants ¢} and ¢,. Let 1 be as in Proposition It follows
immediately from this result that if we can find numbers 41, 5 € (¢1, c2k/Y) so that

(12.1) Vageg()e(aly) < —k7° < k7% < \Jagey(le)e(als)
for some 1/2 < § < 1/2 + 7, then g(z) has a zero o + iy with y between y,, and y,,. Observe that

1 ifa=0
e(at) = {(—1% ifa=—1/2

Hence, in order to find real zeroes on the line Re(s) = 0 it suffices (essentially) to detect sign changes among
the Fourier coefficients whereas on the line Re(s) = —1/2 one needs to find pairs (1, £2) with £; odd for which
holds. As we restrict to odd fundamental discriminants d for which (—1)*d > 0, we automatically
obtain real zeroes on both of the individual geodesic lines Re(s) = —1/2 and Re(s) = 0.

For the rest of the paper, set X = x - K/Y for sufficiently small fixed constant x > 0. Then KV < X <
v/ K/log K by the assumptions on Y. Several positive constants appear throughout the proof and we start
by summarising their roles. The order in which we fix the constants matters as the constants fixed later may
depend on those chosen earlier. The constants Cg, Cy, Cs, Cq4, Cy, and C; are fixed in this order. The
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constants are enumerated in the order they appear in the argument, but are not fixed in the same order. The
constants Csz, Cy, C5, C1g, and C1o are absolute and their existence follows from Propositions [42] and
Lemma

(1) Cj is an absolute Constanﬂ so that

Sh(MF) X e Sletaianre () < ek

+
kEZ geBk+1/2

(2) C4 and Cs are absolute constants so that

cxx<Yn(E) T o SISO (5) = coxx

+
kEZ geBk+1/2

(3) Cqp is an absolute constant so that

Z w;/g < Clo\/%.

+
gEBk+%

(4) Ci2 is an absolute constant so that

C

2 12

E wy < o
+

gEBk+%

) Cg > 0 is chosen so that CZ’/Q/\/CT; > C5/v/Cs.
) Cq = C3? ) /T; — C5//Ch.
) Cy is chosen to be sufficiently large.
) Cys is chosen so that C7 > 2C5CyC1g.
) Ci1 = (C7 — 2C5CyCh0)/Coy/Cs.
) 013 = 0121/4012.

) C14 > 0 is chosen so that Ci4 < 4C13.

) C15 is chosen so that C14/4 < C15 < Cy3.

) C3 > 0 is chosen so that Cy < Cy4.

(14) O is chosen so that C; > Cg and C13 — Cy5 > 8/C3/C?Cs.

Remember that in order to detect sign changes along the sequence d = 1(mod 4) with d squarefree and
(=1)*d > 0 in the short interval [z, + H], x ~ X, it suffices to have

A~~~ o~
=~~~ o~

S (M@ < S agley(ld)|My(d).

z<(=1)kd<z+H z<(=1)kd<z+H

Now the proof can be completed following the arguments of [I4]. However, the inclusion of a mollifier
requires some additional arguments. Denote

SigaiH)i=| S0 age,(d)M,(d)

2<(—1)kd<az+H

and
Ti,g(X;H) = {x ~X: 8 4(x;H) > C1\/ﬁk_1/2}.

12Constants C3, C4, and C5 are allowed to depend on the weight functions ®, hj, and hg specified later, and they are
absolute once these weight functions have been fixed.
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Choose hy to be a non-negative smooth function that is supported in the interval [3/2,9/2] and is identically
one in [2 — ¢,4] for some small fixed € > 0. With the above notation we have by Markov’s inequality that

> 2 1

k~K
QEBk+é
|T1,g(X;H)[>C2X

1 2k — 1
<oxh (P5') X maenm

gEB:+%
“axzn(c) X X
geB z

k3 Sy q(z;H)>CivVHE /2

DY aX ¥ alom

qu rz~X z<(—1 kd<1}+H

2K 2%k
(12.2) e (
C,CIHX =

k+d
By opening the absolute square the inner sum over x ~ X can be rearranged into
b b
Z Z Z cg(ldi])eg(|d2|) My(di) My(da).
e~ X g<(—1)*di<ax+H z<(—-1)*de<z+H
Let us first focus on the diagonal terms with d; = dy. In this case the total contribution to (12.2)) is given by

—0202)(2 ( ) > Zb |eg(|d])[* My (d)?.

geBr ,  (FDRd~X
+3
Adding a smooth weight function ® that locahseﬁ 1)*d ~ X and applying the Cauchy—Schwarz inequality
along with Proposition [4.2] shows that this is bounded by

1/2 1/2

<aere |20 (P5) T e Slatarnae ()] | Y T w2

kK gept doX
9eB; 9€B, 41

k+1/2
8\/ C3K?
- (Cy 02 ’
The off-diagonal contribution

ey Yu(H) ¥ ey Y ST ey (1da) My (dn) My (d)
k

geB; e~ X x<(=1)kdy<z+H x<(—-1)*de<z+H

k+1/2

is negligible by similar arguments to those in the proof of [I4, Proposition 2.5]. Indeed, opening the definition
of My(d) we have

Mg(dl)Mg(dQ) — (log K)1/2 Z )\(ml))\(mz)p(ml)p(mQ)Xdl (ml Xdz m2 Z Cm1m2 (u)7

Q(m1)+Q(m2) /m
my,ma <K% 2 u|mima
where
J
n) H 1Q(nj)§€j if n= H n; with p|nj =pE Ij,
- i—o

and p(n) = 0 otherwise.

13Note that for d = 1 (mod 4), c4(|d|) = 0 unless (—1)kd = |d].
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Thus, it suffices to control the expression

Tildy,dz,u) := Y ageg(ld])eg(|da))As (u).

Bt
9eBl

Using the relation (which follows by inverting the relation [I8, Equation (2)])

Xd
cg([d)A cq(ld|r?),

" F

the expression T (d1, d2,u) equals

Z Xﬂ (||, |da]),

where

Hi(m,n) = Z agcg(m)cg(n).
gEB;_2
Now the g-sum can be evaluated using the half-integral weight variant of the Petersson formula. This yields
an expression involving the J-Bessel function that can be bounded using ([5.22)) and Weil’s bound (note that
there is no diagonal contribution from the Petersson formula as d; # ds and dsy is squarefree). This gives a
negligible contribution as in [14]:

rX3/2 (omerX \ /2
Hulllr? da)) < " (PR ) T

for every A > 1 uniformly in v < K2%_ and |d,|, |ds| < X. Hence, we have

Y ageg(ldil)eg(dz])Mq(di) M, (dz)

geBHl

A(m1)A(ma)p(m1)p(m2)Xa, (m1)Xd, (M2) 4
= (10gK)1/2 Z Q(m +Q 'm ! 2 Z lemg 77€(d1; d23 ) <<A K
e Ko 29 (m1) 2)\/7

u|mima

for any A > 1 as

u) < K%,

Z A(ma)A(ma)p(ma)p(ma)xa, (m1)Xa, (m2) Z .
29 (m1)+Q( mg)\/i m1m2

my,ma <K% ulmims

Now summing k-, 2-, di-, and do-sums trivially gives that (12.3)) is <4 K4 for any A > 1 as claimed.
Next we derive a lower bound for the weighted sum of the terms |c,4(|d|)| on average over the forms g € Sk

Choose a non-negative compactly supported weight function ho so that ho((2k—1)/K) < 1k 2k)(k). Applying

Holder’s inequality as in the proof of [14, Proposition 2.6] we have

3/2

S hy (Qk; - 1) 5 Zb 012051 2o () My (d) > 34073

kezZ geB;, | (F1Fd~X
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On the other hand, by (5.4)), Proposition and Waldspurger’s formula we also have

S (%) X Zb a8/ 22, (1) M, ()

kez 9eB;,,
2 My(d)? L(1/2 f®Xd)>C6

1 2k -1
ﬁ2h< )Z S agleg(ld) M, (@)

geB+ (=Dkd~X
+3

IN

Cs
< XK.
VCs
From these we infer the lower bound
2k —1 b
2 he < K ) > > ay/wy/?|eq(|d])| My(d) > C7KX.
e geB* | (—1)*d~X

s My (d)?L(1/2,f®xa)<Cs
Let us now define the set

Cs

b
Vyi=qa~X: > Vgleq (1) My (d) >
z<(-1)*d<z+H
Mg (d)?L(1/2,f®xa)<Cs

k

From the work above it follows that, for large enough absolute constant Cy > 0,

2k —1 b
crx<Yom (%) ¥ > /2wl e, (|d) M, (d)

ke geBT | ( Hkd~X
k+ i
2 My(d)?>L(1/2,f®xa)<Cs

th(% ) > 2 SV ey )My ()

hez geBt | a~X  a<(-DRd<etH
"2 My(d)*L(1/2,f®xa)<Ce
Rk ( K ) IO DIEDS > a2l (|d])| My (d)
hen 9€B | \2€Vy  2¢Vy e<(~1)*d<z+H
2

Mgy (d)>L(1/2,f®xa)<Cs

C 2k
Snghz(

keZ geBt
k+d

1) > <¢56wgﬂ|v+ 1/2085(;),

where we have used the relation wl/Q 1/2|cg(|d|)\ = wg/L(1/2, f ® xq) in the last estimate. Using the
estimate deB+ ) g g C10Vk we conclude that
b+

2% —1
(12.4) Zh2< = ) > welVyl = KX,

k€EZ
geBk+ 1

The harmonic weights w, can be removed affecting only the constant factor in the lower bound [I, 13]. Indeed,
by the Cauchy—Schwarz inequality we have

1/2 1/2

Zh2<sz1> SR Zh2<sz1> S Zh2<2kK1) S

kEZ g€B+ kEZ g€B+ kEZL geBt
k+d k+d

k+d
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Estimating trivially the second factor is

2k —
< lxEm (%) T ow
kEZL geBk+1
<VAC1 X
as
Ci2
< —_—.
qEB}ch2
Therefore, using (12.4)), we deduce that
(12.5) > h 2k —1 > WVl = CisK*X
. 2 K gl = VY13
kezZ geBT

k+d
Let us introduce the set
U:={geSk: |V, >CaX}.
Now from (12.5)) and the fact that #Sx ~ K?/4 we deduce that
CraXK* <Y Vyl+ > [Vl

geU geSK\U
< U|IX + Ci5K3X
from which we infer the lower bound
U| > (C13 — C15) K>

by recalling that C14/4 < C15 < Ci3.
Hence we have shown that for > (C13 — C15)K? of the forms g € Sx we have

CsH
#or~ X Zb Vgl (ADIMy(d) = S
—1)kd<z+H
) b Cs
Z# g~ X > Jagleg(ld)) M, (d) >

- k
< (—-1)Fd<z+H

My (d)*L(1/2,f®x4)<Cs
> CuX.

In conclusion we have shown that for all but < 8y/C3K?/C3C?% of the forms g € Sk it holds that

b C\WH
7 agey(ld)My(d)| < T

z<(—-1)kd<z+H

for a positive proportion of z ~ X with the exceptional set having size < CyX. Moreover, for at least
(C13 — C15)K? of the forms g € Sk it holds that

S agley ()M, (d) > <

z<(—-1)kd<z+H

k
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for > C14X of the numbers x ~ X. By recalling that our choices of constants are so that Ci3 — C15 >
8y/C3/CoC? it follows that for > (Ci3 — C15 — 8y/C3/C2C%)K? of the forms g € Sk the chain of inequalities

Zb C\WH CsH Zb

(12.6) Vage ) My(d)| < ZE < S <

Vagleg(|d])[ My (d)
z<(—1)kd<z+H
holds for > (C14 — Co) X of the numbers x ~ X if we choose H > (Cy/Cg)?.
Choose H to be large enough (> (C1/Cs)?), but fixed. With this choice it follows easily from ((12.6)) that
for > (C13 — C15 — 8/C35/CoC?)K? of the forms g € Sk we have that

z<(—1)kd<z+H

b b (CsH — C1VH)
Z Vagleg(ld])|My(d) £ Z Vageg(d)) My(d)| = T >0
z<(—1)kd<z+H z<(=1)kd<z+H
holds for > (C14 — C2)X of the numbers  ~ X. We note that the contribution coming from the summands
with | /ag|cy(|d]) < k9 is trivially bounded by, say,

< ST Vagle(ld)My(d) < K70 YT My(d) < HK =+ (log k)4,

z<(~1)kd<a+H z<(~1)*d<a+H
Vagleg(ld])|<k™? Vglea(Jd])|<k™?

Choosing § = 1/2 4 1/2 for concreteness so that § > 1/2 and n; so that §y < /2, we conclude that for the
same proportion of g € Sk and z ~ X we have

b b (CsH — CyVH)
D7 VAEl(M @) £ 3T g (d)My(d)| 2 e > 0
z<(-1)*d<z+H z<(-1)*d<z+H
Vagleg(|d)|>k° Vagleg(1d)|>k°

for sufficiently large k. Now observe that this implies

2 3 agleg(d)M,(d)

< (-1)*d<ae+H
Vageg(ld)>k~°

SY e (ldMyd) + S e ()M, (d)

z<(—1)*d<z+H z<(—1)*d<z+H
Vagleg(ld)|>k~° Vagleg(d)|>k~°
CsH — CivH
L (GH-CWH)
VE

Similarly,

23S Jagle, ()M, (d)

s<(-1)*d<z+H
\/O‘gcg(|d|)<*kio

- Zb Vagleg(1d])| My(d) — Zb Vgcy(|d]) My (d)

z<(—1)*d<z+H z<(—1)*d<z+H
Vagleg(ld)[>k~° Vagleg(ld)[>k~°

S (CsH — C1VH)

> 0.
- vk
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Thus we have shown that for > (C13 —C15—8y/C3/CoC?) K? of the forms g € Sk the short interval [z, x+ H]|
contains numbers (—1)*d., with both d+ odd fundamental discriminants, for which ,/agc,(|dy|) > k=% and
Vc(ld_]) < —k7°, for > (C14—C2)X of the numbers x ~ X. Thus we deduce a sign change of c,(|d|) over

a positive proportion of intervals of constant size H > (C;/Cg)? for a positive proportion of forms g € Sk.
This leads to

= H Y
real zeroes on both line segments §; and ds, concluding the proof. O

> (014 — CQ)X - K
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