Q-RESULTS FOR EXPONENTIAL SUMS
RELATED TO MAASS CUSP FORMS FOR SL3(Z)

JESSE JAASAARI

ABSTRACT. We obtain Q-results for linear exponential sums with rational additive twists of small prime
denominators weighted by Hecke eigenvalues of Maass cusp forms for the group SL3(Z). In particular, our Q-
results match the expected conjectural upper bounds when the denominator of the twist is sufficiently small
compared to the length of the sum. Non-trivial Q-results for sums over short segments are also obtained.
Along the way we produce lower bounds for mean squares of the exponential sums in question and also
improve the best known upper bound for these sums in some ranges of parameters.

1. INTRODUCTION

Hecke eigenvalues of automorphic forms are mysterious objects of arithmetic importance and thus it is
highly desirable to understand how these numbers a(m) are distributed. Generally one expects significant
randomness in their distribution and a manifestation of this belief is that the convolution sums

(1.1) > a(m)b(m),

z<m<z+A

with A < z, should exhibit cancellation for various sequences {b(m)},,. There is an extensive literature
concerning estimates for such sums in the case of classical modular forms, see e.g. [24] 26] 13, 8, @, [3], [14],
for a wide variety of sequences {b(m)},,. However, such sums have been less studied for higher rank forms.
Especially interesting situation is the case Wherﬂ b(m) = e(ma) for some fixed @ € R. These sums have
long been connected to important questions in analytic number theory, e.g. the shifted convolution problem
[13) 27, [37), the subconvexity problem for twisted L-functions [Il [38], and estimation of the second moment
of automorphic L-functions in the t-aspect [34]. Also, when A is small compared to z, the resulting short
sums are closely related to the classical problems of studying various error terms, e.g. in the Dirichlet divisor
problem or the Gauss circle problem, in short intervals. In the present article we shall investigate the extent of
cancellation in sums when a(m) are chosen to be the Hecke eigenvaluesﬂ A(m, 1) of a fixed Hecke-Maass
cusp form for the group SL3(Z) and b(m) are the exponential phases e(ma) with a € R.

The relationship between exponential sums weighted by Hecke eigenvalues of automorphic forms and
classical number theoretic error terms is particularly clear in the case where the twist « is close to a reduced
fraction h/k with a small denominator k. Furthermore, in this case the behaviour of such exponential sum is
closely related to the behaviour of the sum at the fraction and hence it makes studying rationally additively
twisted linear exponential sums, that is the setting where b(m) = e(mh/k) for a reduced fraction h/k,
particularly interesting. This is the set-up we restrict ourselves in the present work. Finally, on the technical
side, good estimates for short rationally additively twisted exponential sums also provide a practical tool for
reducing smoothing error (see e.g. [26, B9]), which is beneficial in variety of settings where linear exponential
sums arise.

2010 Mathematics Subject Classification. Primary 11F30, 11L07.

1Throughout the paper e(x) stands for €27,

2Fourier coefficients of GL3 Maass cusp forms are indexed by pairs of natural numbers and are typically denoted by A(m,n).
It is known that if the form is a Hecke eigenform and normalised so that A(1,1) = 1, then the eigenvalue under the m*" Hecke
operator is given by A(m,1).
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For general linear twists the best known upper bound for long sums is

Z A(m, 1)e(ma) <. /4

m<x
uniformly in o € R due to Miller [34] and sharper estimates are known when « is a rational number with
a small denominator [22]. For shorter sums very little is known in the higher rank setting. The moment
estimates in the GLq situation [25] [5l [6 [39], the square-root cancellation heuristics, and the shape of the
truncated Voronoi identity for rationally additively twisted sums related to SL3(Z) Maass cusp forms derived
in [22] give rise to the conjectural bounds

(1.2) Z A(m, e (n;h) < min <A1/2x57k1/2x1/3+8) .

z<m<z+A
Our aim in this paper is to investigate what limitations there are for the extent of cancellation in rationally
additively twisted sums attached to Maass cusp forms for the group SL3(Z) by giving stronger evidence
towards the conjectural bounds ([1.2)). This is achieved in some ranges of parameters by establishing -
results.

In this work we consider sums with a sharp cut-off 1 < m < z. Such sums occur naturally in many
contexts throughout analytic number theory. One might also be interested in closely related sums with a
smooth cut-off. These sums are technically easier to work with, but in certain ways their behaviour differs
from the sums we are studying. For instance, if w is a non-negative smooth function supported on the
interval [1/2,5/2] that is identically one on [1,2], then a standard calculation using Mellin inversion formula

and contour shifting shows that
Z A(m, Dw (@> x4
x

for any integer A > 1. This differs considerably from the conjectural bound
> A(m1) <. 2t/

r<m<2x

for sums with a sharp cut-off, which is expected to be optimal.

The key tools used to study rationally additively twisted exponential sums related to automorphic forms
are the so-called Voronoi summation formulas. For example, classically (in the rank one setting) rationally
additively twisted sums can be analysed using truncated Voronoi identities. These are reasonably sharp
approximate formulations of full Voronoi summation formulas, which are essentially what one gets if one
formally replaces the smooth cut-off function by a characteristic function of an interval in the Voronoi
summation formula. Naturally, this formal substitution is analytically challenging as the Voronoi summation
formulae typically require the test functions to be smooth enough. Nevertheless, in the classical setting
twisted truncated Voronoi identities have been derived previously by Jutila [24] for the error term in the
classical Dirichlet divisor problem and for sums involving Fourier coefficients of holomorphic cusp forms, and
by Meurman [33] for sums involving Fourier coefficients of GLy Maass cusp forms. In higher rank a truncated
Voronoi identity for the generalised divisor function dj(n) has been given in [16, (3.23)], and a truncated
Voronoi identity for plain sums of coefficients of fairly general L-functions has been obtained in [10].

Rationally additively twisted Voronoi summation formulae have been implemented for GL3 by Miller and
Schmid [35] using the framework of automorphic distributions and for GL,, in [I2] by more classical means.
However, these types of formulas have limitations in higher rank. Namely, the convergence problems indicated
above concerning replacing the smooth cut-off with a sharp cut-off get more difficult as the rank increases
and this leads to quite large error terms. For example, the truncated GL3 Voronoi identity in [22], cited in a
corrected form in the appendix below, has an error term which is actually larger than the expected optimal
upper bound for the corresponding sum.

The main feature in truncated Voronoi identities is the interplay between the length of the sum on the
dual side (the so-called truncated Voronoi series) and the size of the error term. When considering sums
with a sharp cut-off, in typical situations requiring the Voronoi series to be short forces the error term to
be larger and likewise smaller error term requires longer Dirichlet polynomial on the dual side. The main
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drawback in the Voronoi identity of [22] is that even under the Ramanujan—Petersson conjecture for GL3
Maass cusp forms the error term gives the dominant contribution (unless the length of the Voronoi series
is taken to be large, which leads to other difficulties). This feature makes it hard to analyse exponential
sums beneficially using such summation formulas. Indeed, the truncated Voronoi identities mentioned above
are not suitable for good pointwise bounds and usually to evaluate moments precisely one needs the dual
sum to be sufficiently short, in which case the error term becomes too large. In the higher rank setting this
highlights the significant technical challenges faced in proving upper bounds of the right order of magnitude
or -results for the sum in .

To circumvent these issues we take an alternate approach, building upon the paper [19] that studied a
different question concerning obtaining upper bounds for the error term in the Rankin—Selberg problem.
Essentially we relate sums with a sharp cut-off to very particularly smoothed sums (the so-called Riesz
weighted sums), where the smoothing is tailored specifically so that it is possible to connect sums with a
sharp cut-off to these smoothed sums with fairly simple arguments. For the latter sums very sharp Voronoi
identities can be derived. Because of this, these new sums can be studied efficiently and this in turn yields
information about the original exponential sum we are interested in.

To be more precise, our approach relies on considering Riesz weighted exponential sums roughlyﬂ given by

~ h 1 ’ mh o .
(1.3) A, (:E; k) = Z A(m, 1) e(k) (x — m)® — residue terms,

m<x

where a > 0 is an integer. Here and throughout the paper the primed summation notation means to take half
the value at the endpoint in the case x is an integer. This is a very classical form of smoothing. For sufficiently
large order a, Voronoi identities can be derived for these sums and they are better behaved than the Voronoi
identities for sums with a sharp cut-off we are actually interested in (which essentially corresponds to the
case a = 0). Obtaining these Voronoi identities in higher rank is of independent interest. It actually turns
out that for Riesz weighted sums the Voronoi series on the dual side converges for a > 2 and so for these
sums we do not need to truncate the Voronoi series unlike in the case a =1 (or a = 0).
For technical reasons we actually consider primed sums

h
Z A(m,1)e (m >
m<z
The connection to ordinary sums is that
A 1 I+e
5 atm e () = X atm e () + 0. (27).
m<x m<z

where the error term arises when x is an integer. Here ¢ > 0 is the exponent towards the Ramanujan—
Petersson conjecture for SL3(Z) Maass cusp forms. It is widely expected that ¢ = 0, but currently we only
know that ¥ < 5/14, see [28, Appendix 2].

One strategy to obtain {2-results is to prove lower bounds for the second moment

(1.4) /ZAml () dx_/’A()( )

m<x

da + 0. (XK**9).

As discussed above, these moments are typically evaluated with the help of truncated Voronoi identities and
this approach works well in the classical setting, but not so well in higher rank. Crucially for us, we will be
able to evaluate second moments of Aa(m; h/k) for a > 1 using the Voronoi identities we establish, at least
on average over h (mod k). The asymptotic evaluation of the moments of higher order Riesz means can be
converted into a lower bound for the second moment of ordinary exponential sums by elementary means
explained in the following paragraph, which immediately implies an Q-result for these sums.

3For an explicit expression for the residue terms, see 1j below.
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The key property of the Riesz weighted sums is that

t
- h - h ~ h
(1.5) /Aa <U; k> du = Ag1 (t; k) — Aat1 <$; k) .

x

This may be combined with the trivial identity

and from these it quickly follows that

o1 B h
(1.6) Aat1 (x; k) =g / Aat (t; k) - /Aa <u; k) du | dt.
x T

An analogous identity for Riesz weighted sums attached to the Dirichlet series coefficients of the Rankin—
Selberg L-function was used in [I9] to relate upper bounds for the error term in the Rankin—Selberg problem
to upper bounds for the error term in its first Riesz mean. The novelty of the present work is to observe
that , along with further arguments, may be used to relate moments of various Riesz weighted sums of
different orders.

Indeed, one may e.g. essentially deduce (see the proof of Theorem [10.2) the estimate

2X L 1 2X L 3X L
A . A . 2 A .
X X X

for any 0 < H < X. The upshot is that, while we are unable to evaluate the mean square of ﬁo(x; h/k)
directly, we may use our Voronoi identities to evaluate the other two moments asymptotically. Then choosing
H optimally leads to a lower bound for the second moment of Ag(z;h/k). One can also apply the identity
directly to relate different sums ﬁa(x; h/k). An example of this is given e.g. in the proof Proposition
[0.4 When studying short sums we need to work with even higher order Riesz weighted sums as for these
sums we are unable to directly evaluate the second moment of Ay (z + A;h/k) — Ay (x; h/k) precisely as the
error term in the Voronoi identity gives a larger contribution compared to expected size of the sum in this
situation.

To obtain Voronoi identities for the Riesz weighted exponential sums in the case a > 2 we use
standard arguments based on Perron’s formula and analysing the resulting integral involving quotients of
gamma functions. However, we simplify this analysis by noting that these integrals are values of Meijer
G-functions whose asymptotic behaviour is known. Establishing such identity in the case a = 1 is more
involved. The method used in the case a > 2 runs into difficulties due to lack of absolute convergence in
certain sums and to circumvent this issue we need to implement some of the arguments in [25] to the rank
two setting and develop them further.

The problem of estimating moments of exponential sums alluded above is also a classical theme by its
own right. Upper bounds for such moments have been obtained in many different settings, see for example
[18,[40, 22]. Moreover, in some cases even asymptotic behaviour is known [29] 21] under additional hypothesis.
While there are some results concerning upper bounds in higher rank settings, as far as the author is aware
of, no asymptotics or lower bounds for these moments are known unconditionally in higher rank situations.
There are essentially two reasons that make the higher rank cases difficult. Firstly, as indicated above, the
dual sum in the truncated GL3 Voronoi identity has to be short enough so that the diagonal contribution to
the second moment is not too large. This can be arranged, but unfortunately it forces the error term on the
dual side to be too large in order to obtain good results. The second reason is the presence of Kloosterman
sums that appear on the dual side of Voronoi identities when the sums are rationally additively twisted. In
higher rank it is not even a priori clear that the expected main contribution in the second moment coming
from the diagonal terms is positive. Note that such situation does not arise in the rank one setting where

2 2 2

1
d 7X10/3k5
T+ H
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the exponential phases cancel each other. The strategy to overcome the first issue has been described above.
The problem with Kloosterman sums is resolved by averaging over the numerators h € Z;°. In this way we
will obtain lower bounds for the averaged mean squares

2X 2

3 / v A<m,1)e(”’j) dz

hezl x |e<m<z+a

in certain ranges of parameters involved (in particular for A < X) when k is a sufficiently small prime (or
k =1). For simplicity we restrict ourselves to prime denominators in the twists throughout the paper, but it
is plausible that the arguments could be made to work for more general k.

2. THE MAIN RESULTS

Throughout the paper we use standard asymptotic notation. If f and g are complex-valued functions defined
on some set, say D, then we write f < g to signify that |f(z)] < C|g(z)| for all z € D for some implicit
constant C' € R;. The notation O(g) denotes a quantity that is < g, and f =< g means that both f < g and
g < f. We write f = o(g) if g never vanishes in D and f(z)/g(x) — 0 as © — co. The notation f = Q(g)
means that f # o(g).

Our first main result shows the expected Q-result for rationally additively twisted long sums when the
denominator of the twist is sufficiently small. As far as the author is aware of, this is the first time Q-results
have been obtained for rationally additively twisted sums in a higher rank setting. Although it is not explicitly
mentioned in what follows, we assume throughout the paper that the underlying Maass cusp form is a Hecke
eigenform and normalised so that A(1,1) = 1. Our results should generalise for arbitrary GLs Maass cusp
forms, but we restrict ourselves to Hecke eigenforms to lighten the notation.

Theorem 2.1. Let x € [1,00] be sufficiently large and let k prime so that k < /379 for any sufficiently
small fixed § > 0. Then

! mh
max Alm, 1) e — )| = Q (k2213 ,
hez) ng:z ( ) ( k > ( )

where the maximum is taken over all reduced residue classes modulo k.

Notice that <. k'/22'/3%¢ is the conjectured upper bound in l) for the range k < 2'/3. Thus the result
of Theorem is essentially optimal in the sense of conjecture (|1.2))
This follows immediately from the following mean square result.

Theorem 2.2. (see Theorem[10.4) Let X € [1,00[ be sufficiently large and let k be a prime so that k <
X329 for any sufficiently small fized § > 0. Then
2

3X
Z / Z/A(m, 1)e (T) dz > X°/3k2.

hezZl x |m<w

As sketched in the introduction, the proof of the previous result relies on Voronoi identities for both A (z;h/k)
and /~12(x; h/k), but in Section 9 we shall also present an alternative proof for Theorem that sidesteps the
use of a Voronoi identity for Ay (; h/k).

The third main theorem establishes a non-trivial 2-result for short sums of certain lengths.

Theorem 2.3. Let x € [1,00[ be sufficiently large, let k prime and suppose that k3241210 « A < ka2/39
for any sufficiently small fized 6 > 0. Then

max Zl A(m, 1)6(77:1) = (Axfl/Sk*1/2> .

X
hez;, z<m<z+A
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This is a direct consequence of the following mean square result.

Theorem 2.4. (see Theorem Let X € [1,00] be sufficiently large and let k be a prime so that
k32 X124 « A < kX239 for any sufficiently small fized 6 > 0. Then

4x 2

Z/ Z, A(WJ)B(T) dz > A2X1/3,

heZX X z<m<z+A

Notice that the result of Theorem is of the right order of magnitude in the sense of the conjectural bound
(1.2), up to X°, when A = kX?/3-%, However, for smaller A this Q-result is farther away from the expected
upper bound.

The restriction to prime denominators is made mainly for simplicity so we could handle the sum over the
divisors of k arising from the Voronoi identities for Riesz weighted exponential sums efficiently. Since we are
interested in Q-results this is not such a serious restriction. Note also that theorems above hold in the case
k =1, which can be easily seen by making simple cosmetic modifications to the proofs.

Likewise, we are unable to obtain -results for an arbitrary numerator h coprime to k. The averaging
over the reduced residue classes modulo k has to be included in order to be able to exract main terms when
evaluating moments of the sums A, (z; h/k). It seems that this cannot be achieved by our methods unless we
perform such extra averaging. The presence of this is not so serious as we are mainly interested in limitations
for obtaining bounds . We also point out that the primed sums can be replaced with ordinary sums if
one assumes that ¢ < 1/6 (which is expected to be true, but currently we only know that ¥ < 5/14).

Finally, as a by-product of our analysis we improve the best known upper bound for rationally additively
twisted sums with a small denominator.

Theorem 2.5. Let z € [1,00], and let h and k be coprime integers so that 1 < k < z'/3. Then

Z A(m 1)€<mh> <. KB/ 2H0 /2
) k *

m<x

Notice that this theorem does not require the assumption for the denominator k being a prime. Theorem
improves the best previously known upper bound [22], Corollary 3], which gives for instance an upper bound
& K3/ Agt/249/24e 4 EO/8+30/421/4430% /2430 /4+¢ §p the range 1 < k < 2'/% under the assumption ¢ < 1/6.

This paper is organised as follows. In Sections 4 and 6 we gather basic facts concerning rationally additively
twisted L-functions and linear exponential sums on GLg, respectively. In Section 5 we introduce Meijer G-
functions relevant for the present work and study their asymptotic behaviour. Then we proceed to derive
Voronoi identities for the Riesz weighted sums A, (z; h/k) in the next two Sections 7 (for a > 2) and 8 (for
a = 1). In Section 9 we evaluate the mean square of gg(x; h/k) and give the first proof for Theorem
In the next section the mean square of Aj(z;h/k) is evaluated and Theorem (as well as Theorem [2.1)) is
deduced as a consequence. Theorem is proved in Section 11. The final two sections are devoted to the

proofs of Theorems and

3. NOTATION

The letter € denotes a positive real number, whose value can be fixed to be arbitrarily small, and whose value
can be different in different instances in a proof. All implicit constants are allowed to depend on &, on the
implicit constants appearing in the assumptions of theorem statements, and on anything that has been fixed.
When necessary, we will use subscripts <, 3,..., Oq,3,..., etc. to indicate when implicit constants are allowed
to depend on quantities «, £, ...

As usual, complex variables are written in the form s = o + it with o and ¢ real, and we write e(z) for
2miz - The subscript in the integral / (o) Means that we integrate over the vertical line Re(s) = 0. When

h € Z and k € Z, are coprime, then h denotes an integer such that hh = 1(mod k). We also write (-)
for (14 |- [?)'/2. The notation Z;ngz means the sum up to x with the last term halved if x is an integer.

(&
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Furthermore, Z;<m<$+A =D m<otA > <u_1- The notation d(n) denotes the ordinary divisor function.
Let us furthermore write

) )1 ifa=0b(mod ¢)
a=b(®) = 0 otherwise

Finally, for a positive integer k let us define the following averaging operator. Given a function f: Z; — C,
we set

E j@)= 5 3 fa)

x€LY
k zEZ:

where ¢ is Euler’s totient function, and Z; denotes the reduces residue classes modulo k, or a set of repre-
sentatives of them.

4. RATIONALLY ADDITIVELY TWISTED L-FUNCTIONS OF GL3 MAASS CUSP FORMS

We shall derive our Voronoi identities from the additively twisted L-function of the Maass cusp form in
question. To this end, we quote some of its properties from Section 3 of [I2]. We fix a Hecke-Maass cusp
form for SL3(Z) with Fourier coefficients A(my, ma). Also, let us choose coprime integers h and k with
k positive, as well as an index j € {0,1}. Then we have the rationally additively twisted version of the
corresponding Godement—Jacquet L-function given by

L <S+j7:> _ i A(:Z;l) (e(";h) + (—1)"6(—”;]1))

m=1

for s € C with Re(s) > 1. This has an entire analytic extension and satisfies the functional equation

h , ~ h
L; <s + 7, k) = IR 332 Qs + ) L (1 —s—7, k) :

The I'-factors are clumped together into the factor G;(s + j) given by
F<1—8—|2—j+a)P(l—s—iz—j+5>r<1—s—|2—j+7)

F(erjoz)F(erjﬂ)F(erj’y) ’
2 2 2

where in turn the complex constants «, 5 and v are the Langlands parameters of the underlying Maass cusp
form. We know from [11l Props. 6.3.1 & 12.1.9] and [12] Eq. (3.30)] that

Gy(s +7) =

a4f+7=0, and  max{[Re(a)],[Re()], [Re(1)]} < 5.

Finally, the Dirichlet series on the right-hand side of the functional equation is given by
~ _h —  A(d,m) - k iof~ k
Lj<1—s—j,k> ::dzlkzmz_:ldl%nﬂs S(h,m;d> + (-1’8 h,—m;a
for Re(s) < 0, and by an entire analytic continuation elsewhere. Here S(a,b;c) is the usual Kloosterman
sum.

From Stirling’s formula, the functional equation above, and the Phragmén—Lindel6f principle, we obtain
the convexity estimate

L; <5 + 7, Z) <, kPHo—o)(1+e)/2 (t>3(1+5*")/2
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in the strip —d < 0 < 1+ (see [22, p. 262]), where § € R, is arbitrary and fixed. Furthermore, it follows
from this that, for each j € {0,1} and every a € Z; U {0}, as well as for any coprime integers h and k with
k positive,
Lj (—a+j h> Ko k3(1+2a)/2+5
9 L s .
In particular,

4.1 L, 0+j,ﬁ < ke L —1+j,ﬁ < KL —2+j,ﬁ & k1o/2E
I k ] k J k

and "
L, (—3 + 4, k) <. k22t

When summing by parts we will repeatedly use the following consequences of the Rankin—Selberg theory
saying that

(4.2) ST IAMm)| < d”Fx and > JA(dm)* <. d* e,

m<x m<x

uniformly in d € Z; and z € [1, 00] (see e.g. [23]).

5. ON CERTAIN MEIJER GG-FUNCTIONS AND THEIR ASYMPTOTICS

Applying Perron’s formula to the additively twisted L-function, shifting the line of integration to the left,
and then applying the additively twisted functional equation leads to integrals involving quotients of gamma
functions. We could derive the asymptotics we need in the same way as similar integrals were treated in
earlier works, e.g [17, B4}, 30, [7, 22]. However, here we prefer to follow the approach of [], which observed
that these types of integrals are actually Meijer G-functions, and thus one obtains the relevant asymptotics
directly from the well-known asymptotic properties of the latter. Our main references for Meijer G-functions
are [31 [32].

Let a, 8 and ~ be the complex numbers as in the functional equation of the additively twisted L-function,
and let y € Z4, a € Zy and j € {0,1}. We define #Z, ;(y) to be the specific Meijer G-function of interest to
us as

Ha,j(y)

1
1=
— G50 y 2 ) .
27 1+jta 1+4j+B8 14j+y al a  j-—a  j-f ., j—9
2 2 2 22 27 27 27 2

1
= - sd

27TZ/Q(S)y 85

¢

where Q(s) denotes the I'-quotient

Lhita 1+j+58 1+j+7y a 1 a
Qls) = r(e o) (g (P g5 )

F<s+ ]2a> F<s+ ]25> F<s+ ]27> (1 S)F(; 5>

The contour of integration € can be, say, a simple polygonal chain, which begins at oy — ico with a vertical
half-line with abscissa o satisfying o¢ > 1/4 — a/6, ends at o¢ + ico with another vertical half-line with the
same abscissa 0y, and having the property that all the poles of the I'-factors in the numerator lie to the right
of € [32, Subsect. 5.3.1]. For definiteness, we may select € to be the contour € (09,01, A) consisting of line
segments connecting the points oy — ico, oo — iA, o1 — A, o1 +iA, o¢ +iA and oy + ico, in this order, where
the second abscissa o7 is a real number satisfying 01 < —a/2 and A is a positive real number such that A is
larger than the imaginary parts of «/2, 5/2 and ~/2.
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We will not repeat the above parameters and instead write the above expression as Gg:g(y; ...) with the
understanding that the parameters are exactly as above. The asymptotic we wish to use is a special case of
the case (4) of Theorem 2 in Section 5.10 of [3I]. In our special case the result reads as follows.

Lemma 5.1. Let y € Ry be larger than some arbitrary fived positive real constant, and let j € {0,1} and
a € Z4 be fized. Then the above function 7, ;(y) has the asymptotic expansion

1 . i . 1—a)/6 = 40 —0/6
/a,j(y)N—Zexp(i&y”ﬁi(aﬂ)) Yl > Myt y e,
2V3m T 2 =0
for some complex coefficients My, My, My, ... for which My = 1, and which otherwise depend on «, 3, v,
a, and j. In particular,
1

/a,j(y) = —E

Proof. We apply the asymptotics (4) of Theorem 2 in Section 5.10 of [31] which says that the Meijer G-
function Gg:g(y; ...) has the asymptotic expansion

Goo(ys...) ~ AS° Has(y e®™) + A0 Has(y e ®™),

Y78 cos (610 + - (a+ ) + O(y~/9).

as y —> oo. In the notation of Section 5.7 in [31], we have
c=8-2=6 and v=8-5-0=3.
We observe that our parameters satisfy the conditions (A) and (B) of Section 5.7 in [3I] vacuously as in our

case n = 0, and they satisfy the condition (C) simply because 1 —1/2 = 1/2 ¢ Z. In the notation of Theorem
5 in Section 5.7 of [31], we have

- 1+j+a 1+j+B 1+j+7 a 1 a Jj—a j—8 Jj—="
== 21— 1— 1 —
! > 2 T 2 53 2" > > 2
=5—a,
and L3
AN=1+-=-
1 + 2 23
so that
1/1 1—a
0f=—1-(1- 2 -MA )= .
p (2 (1-0)+Z; 1) 6
The asymptotic behaviour of Hj g is thus given by
5/2 00
43miy  4(1—a) (27) / 1/6y . (1—a)/6 006
Hyg(ye™™) ~i ——= exp(Fb6iy ")y ZMN y o,
Ve =
as y — 0o, for some complex constants My, My, My, .... In particular, My = 1. Finally, in the notation of

Subsection 5.9.2 in [31],

AB0 = (—1)” (2mi) " exp <m (0 SR A NP Al J;”)) = (2m) %,

2 2

and similarly,
AP0 = (em) il O

The Meijer G-function appears from the integral in Perron’s formula. The following lemma connects the two.

Lemma 5.2. Let a € Z4, let y € Ry, and let o9 and o1 be real numbers such that o9 > 1/4 — a/6 and
o1 < —a/2. Then

=—(=2)"" Jas(y*)

1 / Gji(s+j)y°ds
2mi s(s+1)---(s+a)
€ (200,201,2A)
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Proof. Observing

we see that

1 Gji(s+j)y°ds o 1 / 5 ovs/2 ds
= ek [ e
2mi / s(s+1)---(s+a) (-2) 2mi @ (v")
€ (200,201,20) € (200,201,2A)
=—(=2)"" Zu;(¥"),
as desired. 0

In order to derive Voronoi identities with Riesz weights in the a = 1 case, we wish to differentiate the formula
of case a = 2 termwise. The following lemma allows this.

Lemma 5.3. Leta € Z, let j € {0,1}, and let y € Ry.. Then
d a a
o W T Far(07) = 29" Fai(v°).

Proof. Let o9 and o1 be real numbers such that og > 1/4 — a/6 and 07 < —a/2 — 1/2. Using Lemma
twice we may compute

d e oy = 4 gyarr 1 / Gi(s+4)y°t*t ds
dy(y Har1y ))_dy 27 o s(s+1)---(s+a)(s+a+1)
€ (200,201,2A)
_ ai Gj(s+j)ys+ad5 _ _9,a (02
S [ S 60,

(5(20'0 ,20’1 ,2A)

which completes the proof. O

6. SOME KNOWN ESTIMATES FOR LONG LINEAR EXPONENTIAL SUMS

We shall need estimates for long linear exponential sums involving Fourier coefficients of a GL3 Maass cusp
form. The following is Theorem 1.1 in [34].

Lemma 6.1. Let x € [1,00[. Then

Z A(m, 1) e(ma) <. a®/4+e
m<x

uniformly in o € R.

On the other side of our Voronoi identities coefficients A(d, m), where d divides the denominator of the twist,
will also appear. Fortunately, it is easy to extend Miller’s estimate for these coefficients with uniformity over
d.

Lemma 6.2. Let x € [1,00[, d € Z4 and o € R. Then

> A(m,d) e(ma) <. d'Te 234,

m<x

uniformly in both a and d.
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Proof. As the underlying form is a normalised Hecke eigenform we have
d m
A = Al 1, - | Al —,1
ma)= 3 w0 a(1.5)a(% 1)
£|(d,m)
for any m,d € Z,, where p is the Mobius function. Using this, we may estimate

S A d)yetma) =3 Y 1 ( )A@,l)e(ma)

m<x m<z £|(d,m)

:Z,u(é)A(l,£> > A(m,1)e(mla)

L)d m<x/l
A\ [\ 34t
<. Z <£> <£> <. Jo+e ;1:3/4+€,
0)d

completing the proof. O

When « is a fraction with a small denominator, we have more precise estimates, which depend on ¢. The
following is Corollary 3 in [22].

Lemma 6.3. Let x € [1,00[, and let h and k be coprime integers such that 1 < k < z2/3. Then

ZAm 3 ( h) & KM2EE G203 | gl /340t

m<x

If in addition ¥ < 1/3 and k < 22/3729  then

ZAm 1) < h) <. B/4 p1/2H0/2+e 4 19/8+30/4 1/4+39% /2430 /4+e

m<x

In particular, if 9 =0 and k < z2/3, then

ZAm 1 < ><< k3/4 1/2+5

m<x

7. ADDITIVELY TWISTED VORONOI IDENTITIES FOR RIESZ MEANS: THE CASE a > 2

In this section we study the modified Riesz weighted sums

Ay () = 5 XA ((”;h) ¥ <1>J’e(”;h)> (e = m)"

m<x
(—1)" xo=v _h
_ ANV S n
Z via—v)! vt )

o<rv<a

where x € [0,00[, j € {0,1}, a € Z U {0}, and h and k are coprime integers with k positive. Recall the key

relation (see (1.5)) above)
h ~ h
/A a,j ( us ) du = Aa+17j <t; k) — Aa+17j <1‘; k)

for the Riesz means that we shall use repeatedly. Our goal in this section is to derive Voronoi-type identities
for these sums when a > 2.

The classical Perron’s formula, which is e.g. Theorem 1.4.4 in [2], has the following generalisation for Riesz
means (see e.g. Chapter 5 in [36]), which is the starting point for proving our Voronoi-type identities.
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Lemma 7.1. Let 0 € Ry, and let c: Zy — C be a sequence such that the Dirichlet series Y -, ¢(n)/n®
converges absolutely. Then, for x € Ry, and for a non-negative integer a, we have

7L > ¢(n) z¥teds
a'z (x—=n) 2mi (Z ns>s(s—|—1)~-~(s—i—a)7

n<x (o) n=1

where the integration is over the vertical line where the real part is o. When a = 0, the integral should be

understood as the limit of fU-HT as T — o0.
The main result of this section is the following proposition.

Proposition 7.2. Letxz € Ry, j € {0,1}, a € {2,3,...}, and let h and k be coprime integers with k positive.
Then

Aq (x? Z) =i ket (-1)" T 27
= A(d,m) — k 70 d* m?
———= | S| h,m; = -1)’ S| h, aj|l —— -
33 A (s §) s 7)) (4
Proof. Let us first fix some ¢ € |0,1/6]. Perron’s formula for Riesz means tells us that

'ZAm 1) ( <”;h> (-1)]’6(—’?)) (x —m)®

m<zx

fi L s+‘ﬁ S+ads
2mi I e s(s+1)---(s+a)
(149)

Let .Z be the polygonal chain €(—4§, —a — §,2A) connecting the points —§ — ioco, —§ — 2iA, —a — 0 — 2iA,
—a — 4+ 2iA, =6 + 2¢A and —§ + ioco, in this order, where A is a fixed positive real number larger than the
imaginary parts of «/2, 8/2 and ~/2. We shift the contour of integration from the vertical line Re(s) =1+4¢
to .. This is justified by the convexity bound for L;(s + j, h/k) and the assumption ¢ > 2. This leads to
residue terms from the simple poles at the points —a, —a+ 1, ..., 0. For each v € {0,1,...,a} we get a

residue term
(—1)" x¢—v . h
A SN SN
via—v) YD

(o) = [ (sa ) e
I\ k) 2w / e s(s+1)---(s+a)
<z

Applying the additively twisted functional equation gives

~ h 1 , ~ E r5teds
A (el = j 1 —3s+1_35-3/2 . N1 st .
a7.7<l'7k> 2m/2 k 7r Gi(s+j)L; s = Jip Py PR ) S Py
<z

Writing the L-function as a Dirichlet series and switching the order of summation and integration yields

A, (g:; Z) =i T kr 220y i % (S(h, m; Z) + (—1)j5<ha —m; Z))

dlk m=1
1 T dZma\° ds
27ri/Gj(S+J)< k3 )s(s+1)~--(s+a)'
<z

Invoking Lemma [5.2] finishes the proof. O

Thus, we obtain
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Let us then study the Riesz means of order a € Z; U {0} defined as

~ h 1(~ h ~ h
Aa <£L’, k’) = 5 <Aa,O <x7 k‘> +Aa,1 (‘Ta k?))

_ % S A(m, 1) e<”;h> (@ — m)°
(7.1) — ;Og;a% <L0<—V, Z) + Ly (—u+ 1, Z)) ,

where z € [0, 00[, and h and k are coprime integers with k positive. We observe at once that these sums have
the pleasant property that

/Iga <t; Z> = e (x; :) —Aatr (0; Z)
0
:;[a-'rl(x;Z) +% (Lo(—(cH—l);Z) +L1<—(a+1)+1;2>> '

This allows us to later relate Riesz means of different orders, and in particular to turn our better control of
higher order Riesz means to information about lower order Riesz means. Of course, similar identities hold
for A, ; with j € {0,1}.

The previous proposition, together with Lemma immediately yields the following corollary using Weil’s
bounS(a, by k)| < d(k)kY?(a,b, k)2

Corollary 7.3. Let z € [1,00], let a > 2 be an integer, and let h and k be coprime integers with 1 < k < x/3,
Then

~ h
Aa <x, k‘)

(1) ke glzen)s ol L R\ (LBl g1
= P Zd(2a+1)/3 Zm(a+2 73 > i~*S h,im,g e i—k

+ 9] (k(2a+3)/2 d(]f) 1,2(1/3) .
We also record here the following upper bound.

Corollary 7.4. Let x € [1,00[, j € {0,1}, a € {2,3,...}, and let h and k be coprime integers with 1 < k <«
/3. Then

~ h "
A ,j( k) < ka2 g(f) g Rat1)/3,
In particular,

~ h . h
Az j (33; k) < K% d(k) 23 and Az <x; k) < K2 d(k)x7/3.

Proof. Estimating the infinite series in Proposition [7.2] by absolute values using the asymptotics from Lemma
[6.1] and Weil’s bound gives

0o 1—
i (ol |A(d,m)| [k\"? d2/3 m1/3 1/3

d|k m=1

< k_a+l/2 d(k) x?a/3+1/3 Zdﬁ—B/G—Qa/S < k_a—l—l/? d(k_) an/3+1/37
d|k

4Here (a, b, c) denotes the greatest common divisor of integers a, b, and c.
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as required. 0

8. ADDITIVELY TWISTED VORONOI IDENTITIES FOR RIESZ MEANS: THE CASE a = 1

In the process of deriving a truncated Voronoi identity for gl(m; h/k) we need a reasonable upper bound for
zzlvl,j (x;h/k). After the Voronoi formula is derived, we will use it to deduce a better upper bound, which
can then be fed back to the argument used to derive the Voronoi formula in the first place, leading to an
improved error term in said formula.

Lemma 8.1. Let z € [1,00], let j € {0,1}, and let h and k be coprime integers so that 1 < k < x*/3. Then
A, ; (;v h) &, KD/ g29/24+e
. ’ k N
Proof. We choose H = k%/* /4 Then 1 < H < z, and using (1.6), Lemma and Corollary gives
z+H
~ h 1
Alvj Z; % = H A1 Jj dt — — A()J dudt
1 h h 1 . h
E <A2,j ($+H,k> —AQJ' <l‘,k)> — E / /AO,j (u, k) dudt

<. %k5/2d(k_) J}5/3 +H.1?3/4+6 <. k5/4 1‘29/24+€,

as desired. O

The proof of the case a = 1 gives rise to sums of the kind treated in the above lemma, but with coefficients
A(m,d) instead of A(m,1). The following lemma deals with this minor complication.

Lemma 8.2. Let x € [1,00[, let j € {0,1}, let h and k be coprime integers satisfying 1 < k < /3, and let
d € Zy be so that dlk. Then

Z A(m, d) ( <m:d> (_1)j e(_m}?d)) (x —m) <. d9+e 54 p29/24+¢

m<x

Proof. We may compute using Mdbius inversion, Lemma and (4.1)),

Y A(m,d) ( (mhd> (—1)je<—m:d>> (z —m)

m<x

_ %Z%)M(@A(l, Z) A(TZ, 1) <e<mkhd>

=3 u(t) A ( )e > A(m,1) ((m;m)

k
l|d m<x/l

_ z Chd k 3/2+e k 9/24¢
Z,u < )€<A177<€ k) +Oa<<€) : +O; Z
0d
NS (7 29/24+¢ B\ 32 9/24¢
b Az b e
<o (@ (e ()00

where we have used the fact that since k& < 2'/3, also k/{ < (x/£)1/3, so that Lemma is applicable.
Finally, since k& < 2'/3, we have

(=) ) i
re(-)) (-

~08

3/ gy /24 o |5/ 29/244e
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and the total contribution is <. d?T¢ k5/4 z29/24+¢ O

We will need to handle various sums involving both Fourier coefficients and Kloosterman sums. Taking
discrete Fourier transforms of the Kloosterman sums allows us to reduce things back to exponential sums
weighted by just the Fourier coefficients.

Lemma 8.3. Let h € Z and k € Z be coprime, and define
k

> S(h,tik)e ( if)

£=1

S(h,&k) ==

T =

for every € € Z. Then, for any m,& € Z, we have
k mé
S(h, s
mik) =Y S(h.&; k) ( - )
£=1
and R
S(h, & k) < K2 d(k),
as well as
k ~
> I8k, & k)| < kd(k).
e=1
Proof. The first claim follows directly from the discrete Fourier inversion formula, and the second follows

directly from Weil’s bound. The third follows from the Cauchy—Schwarz inequality, the discrete Parseval
identity and Weil’s bound since

k k
Z (h,&5 k)| < kY2, | S|8(h, &5 k)|
=1 £=1
k
1
=K'/ %ZZ (h,t; k)|
< k12 \/]1f k(K2 d(k))? < kd(k). O

The argument used in the proof of Proposition runs into difficulties in the case ¢ = 1 due to convergence
issues, and so we need to proceed differently. Our next goal is to establish the case a = 1 essentially by
differentiating the formula for a = 2 termwise. The requisite convergence considerations give a practical
truncated version of the summation formula as a by-product.

Proposition 8.4. Let z € [1,00[, j € {0,1}, and let h and k be positive integers with 1 < k < /3. Then
Avl,j (m; Z) =i 27 3 2 kg

x%gw <S(h,m;]:l> + (-1) S(h —m; >> /1]<6d4k).

Here the infinite series converges both boundedly and uniformly when x is restricted to a compact interval in
R, . Furthermore, if N € [1,00[, and N >> k3, then

~ h .
A1 (:z:; k) =i 27 3 2 gy

A(d,m) -~ k i o+ 70 d*t m? 2?
X dm (S(h,m, d) + (1) S(h —m; )) B4R <k + error,
dlk m<N
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where the error is
<. KPIAFe g5/3 N 1/8,

Proof. Our starting point is the formula

Ay (x; Z) = —i 127232 g

XZiW(S(h,m;S)Hn (- ))/(dk)

d|lk m=1

and our plan is to differentiate this identity. The derivative of the left-hand side is of course simply
Ay j(x; h/k). On the other hand, Lemmam tells us that

d< /%(G&mx3>__%/m<6¢m%ﬂ)

and using this it is straightforward to check that, formally, the derivative of the right-hand side coincides
with the right-hand side of the desired identity for Ay j(x;h/k). From the analysis of the previous section
it is clear that the above series for As ;(x;h/k) converges for any z. Thus, by standard arguments, it only

remains to prove that the series for gl,j (x; h/k) converges boundedly and uniformly when z is restricted to
a bounded interval.
We take arbitrary numbers a,b € [1, oo[ satisfying a < b and a > k*, and consider the partial sum

%(a,b)
A(d,m) - k - 6d4m z?
d)k a<m<b
By Lemma [5.1} we have

6d4m x? 1 Gim d2/3 m1/3 213 g .

i

vof (#rmsarai) ).

We may estimate the contribution of the O-term in ¥(a, b) by

A d :ZC 1/2+E 1
<. kmz Z % <> (d2/3 ml/3 1/3 k*1> <. kD/2HE 213 4 =1/3,

d
dlk a<m<b

We also write in each term of ¥(a, b)

S(h,m;Z) +(—1)js<h,—m;’:l) ; (h ¢ ) ( <m]fd> +(—1)je<—”fd>>.

Combining all these observations gives

Y(a,b)
1 k/d i
= Qf > e ( (1 +J)> DD S(h,é; d) ke i (a,b) + O(K/24e 2%/3 a71/3),
dlk =1

where

e I (o) o)) (547
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To simplify the formulae below, we shall write, for each £ € {0,1}, and all = € [1, o0,

At (:r; i) =3 Ad,m) <e<m]fd) +(=1) e<m]fd>> (z —m)".

m<zx

We start the estimation of ¥4 (a,b) by summing by parts getting

1 3 q2/3 41/3 1/3 t=b
= (200 €Y

b ¢ 1 9mi /3 51/3 3 g2/3 41/3 41/3
Iy T t/°x
— /AO,j,d (t, k) <_t2 + kt5/3 > e(j: & > dt

By Lemma the substitution term is <. d’*¢ a®~1/4, as is the contribution from the term involving 1 /2,
and it only remains to estimate the term involving ¢=5/3. We do this by integration by parts to get

b
. 5 27Tid2/3 x1/3 3d2/3t1/3 $1/3
/AO,j,d (t, E kt5/3 el £ L dt

o d2/3 £1/3 d2/3 $1/3 41/3\ 1170
—Al,j,d(t§§) T T e<:|:3 T ﬂ

k kt5/3 k

bA ¢ 1075 d2/3 21/3 A2 g/3 x2/3 d2/3 41/3 41/3 .
— ) A B\ T gems T e e\ * 2 t

a

By Lemma the substitution terms and the term involving ¢+~%/3 contribute
< 2/3F0Fe 1/3 1/4 je—11/24
€ )
whereas the contribution from the term involving t~7/3 is
& dA/3TOFE B4 23 ge=1/8
Altogether, our estimate for 34 (a,b) reads
S (a,b) <o dOFe qf=1/4 4 q2/3+0+e p1/3 p1/4 qe=11/24 4 g4/3+0+< p=3/4 ,2/3 je=1/8,

Plugging this into our previous expression for ¥(a,b) gives

k/d i
S<h,§; d> ‘ kx

1
S(a,b) <= Y ¥ >
% (d19+e af V4 4 q2/3+0+e L 1/3 p1/4 (e—11/24 | g4/34+9+e | —3/4 12/3 ae—l/S)

dlk  g=1

L S/2e 42/3 —1/3

< kg (as—1/4 Lopl/3 /4 qe-11/24 4 p3/4 0 2/3 as—l/S)
4 B/2te p2/3 (=1/3
<. ke zat VA g g9/ Ate pA/3 qe11/24 | 15/44e 15/3 (e=1/8 | 15/24e 12/3 (—1/3
and we are done with the first assertion. For the truncated formula we observe that
k2+s xasfl/zl <. k_5/4+5 I5/3 asfl/87
and that
E5/2+e 42/3 (—1/3 <. E5/4+e 15/3 as—1/87

as well as
LO/A+e 4/3 e—11/24 <. L5/4+e 15/3 aa—l/S’
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since k < 21/3. Thus we have obtained
Y(a,b) <. Ko/ Ateg5/3qe—1/8

which immediately gives the truncated identity. O

From the above formula we get directly a better upper bound for ng (z; h/k) compared to Lemma

Corollary 8.5. Let x € [1,00[, let j € {0,1}, and let h and k be coprime integers with 1 < k < /3. Then
A h 3/2 1+e
Al o T <L kY

Furthermore, if d € Z4 and d | k, then also

> Alm,d) ( () + vy (—T)) (0= m) < 44 K2 g1

m<x

Proof. For the first estimate we employ the second identity of Proposition with the choice N = Lxm/ 3k=2],
estimating all the terms by absolute values and using Lemma The second estimate is proved in exactly
the same way as Lemma O

We can now feed this back into the estimation of 3(a,b) in the proof of Proposition where we used
the weaker estimate from Lemma (which in turn was based on Lemma [8.1)). The resulting estimate for
Yi(a,b) is

S (a,b) <. A0S qE VA o @R/t R1/2 p1/3 (2=2/3 | gA/3H0+e po1/2 12/3 (e=1/3
and the end result is
Z(a, b) <. k2+8xae_1/4 + k5/2+6 £C4/3 ae—2/3 + k3/2+8 x5/3 a5—1/3 + k5/2+£ {,C2/3 a—1/3
& K2TE g gtV B/ g5/3 =13,
Thus we have obtained the following.

Corollary 8.6. Let x € [1,00[, j € {0,1}, let h and k be positive integers with 1 < k < x'/3, and let
N € [1,00] with N > k3. Then

zzlvl,j (x; Z) =i 727 732 gy
A(d, — k = 8 d* 2
X Z Z % (S(h,m; d) + (—=1)? S(h —m; )) J1j <kmx> + error,
dJk m<N

where the error is
<. k2+e p NE—1/4 4 p3/24e 15/3 Ne—1/3,

Proposition and Corollary yield the following result when combined with averaging over j € {0,1}
and Lemma [5.11

Corollary 8.7. Let x € [1,00[, j € {0,1}, and let h and k be positive integers with 1 < k < 2'/3. Then

- h ) - k 3d2/3m1/3x1/3
() = A T A ) 1 ) (321020

dlk =1
L0 (k5/2+£ x2/3> .
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Here the infinite series converges both boundedly and uniformly when x is restricted to a compact interval in
Ry. Furthermore, if N € [1,00[, and N < k=323, then

- h ' _ k 3 d2/3 l/3 p1/3
A1<x;k> 471_2\[2 Z Z ¥)S(h7im;d)e(ik>

dlk  m<N

+ 0. (k3/2+a x5/3+aN£—1/3> .

9. POINTWISE )-RESULT FOR LONG SUMS ON GLjg

Let us first gather some auxiliary results which will be useful in what follows. We start with results concerning
Kloosterman sums.

Lemma 9.1. Let k be a prime. Suppose also that m and n are integers. Then

P! if m # 0 (mod k)
Q§X5(a7m’k)_{_k+l if m =0 (mod k)

as well as

kE2—k—-1 ifm=n#0 (mod k)

k—1 ifm=n=0 (mod k)
Y(m,n, k) ZSamk (a,n;k) =< —1 if m=0 and n # 0 (mod k)
a€z -1 ifm=z0 and n=0 (mod k)

k-1 if0£m#n#0 (mod k)

Proof. The first cases of both identities are treated in Chapter 4 of [20]. The rest are then fairly straightfor-
ward to prove simply by expanding the Kloosterman sums in terms of their definitions and taking advantage
of the resulting geometric series. O

We will use the first derivative test repeatedly and record one of its formulations here. Results such as this
are discussed for instance in Section 5.1 of [I5].

Lemma 9.2. Let a,b € R with a < b, let A € Ry, and let f be a real-valued continuously differentiable
function onla,b| such that |f'(x)| = X for x € Ja,b[. Also, let g be a complez-valued continuously differentiable
function on the interval [a,b], and let G € Ry be such that g(x) < G for x € [a,b]. Then

b
[o@etsa) a< S /|g )| da.
a
Now we are in a position to prove an asymptotic formula for the averaged mean square of the long second

order Riesz sums.

Theorem 9.3. Suppose that X € [1,00[ and that k is a prime such that k < X379 for any sufficiently
small fired § > 0. Then we have

dz = B(k)k* X**/3 + O (k° X*),

where B(k) € Ry and B(k) <
In particular, if x € [1,00[ and k € Z, is a prime so that k < /372 for any sufficiently small fized § > 0,
then we have
Y LAY 5/2..5/3
Ag(x,k>‘ﬂ(k x )

max
heZ)




20 JESSE JAASAARI

Proof. Note that the Q-result follows immediately from the moment result. For the first statement, using
Corollary [7-3] the second moment is

E (-0

kA 10 3 d2/3 m1/3x1/3
v /3 °or v
=~ 10276 hez / Z Z d5/3 m4/3 ZS(h +m ) ( L ) dx

d|lk m=1

k2 5
_ /3
87T3\/§ heZX / Z Z d5/3 m4/3

dlk m

dx

_ 2/3,.1/3 ,.1/3
X ZS(hvim; d) e(ﬁ;W) CO(KT? 2413 de + O(K” X1/3),
+

Once we have proved that the first term on the right-hand side is =< k% X'3/3 it immediately follows from
the Cauchy—Schwarz inequality that the mixed term integral is

< VIS X13/3 /1T X11/3 « |6 X4,

as required. Also, since k < X1/3, we have k7 X'1/3 <« k6 X4,
In the first integral, we expand |Z\2 as ¥ Y. The diagonal terms, i.e. those terms where d? m; = d3mo
and where the signs in sums ), are chosen to be equal, give the contribution

A(dy, my) A(da, ms)
19271—622 Z d5/3 5/3 4/3 e
di|k dalk m1=1m2=1 UL
d2m1 d mz

2X
x & ZS(h :tml,;)S(h img,;>/x10/3dx.
2
b'e

hezy

We will examine the contribution of the different pairs (di,ds) separately at first. The terms where d; =
ds = 1 contribute

2X
k4 |A —k-1 10/3
(9.1) 965 m8/3 ( — Linzo (k) + lm=0 (k)) /96 /% dw
m=1 X
by Lemma
Similarly, the terms with dy = do = k contribute
L Ak, 2X
m) 10/3
(9.2) 9676 Z 110/3,7,8/3 /x da
X
and the terms where d;ds = k contribute
. 2X
E* A1, E*>m) A(k,m) 10/3
(9.3) —Jaohe (Z 1573873 /x dz.
m=1

X

Our aim is to show that these three terms sum up to B(k)k®>X'/3 where B(k) € R with B(k) < 1. The
upper bound is straightforward to establish just by using the known estimates for the Fourier coefficients
(A(m,n) <. (mn)"*¢ and (4.2)), but the lower bound requires some work. Towards this, observe first that
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by the arithmetic-geometric mean inequality, the absolute value of (9.3]) is bounded from above by

2x 2x
‘A (1,k%m) 10/3 o~ Ak m)| 10/3
967T6 Z 116737873 / dz + 9670 2 K10/ /3 /a: dz

X X
BN A KOS Ak ) T
10/3 m 10/3
(9.4) 967r6 m8/3 / dz + 96 6 k10/3 573 /a: dz.
m=1 X X
Notice that the latter term in is exactly |-D Thus using the identity 1,,20x) = 1 — Lin=o(x), @ simple
computation shows that the sum of ., 9.2)), and ( is bounded from below by
k* 2k |A(1, r
R _ 10/3
9676 Z ms/s 1m50 (k)) / T dzx.
X

This is bounded from below by the required lower bound > k®X'3/3 just by dropping all the terms except
the one corresponding to m = 1 (recall that A(1,1) = 1) as each of the terms involved is non-negative.
The contribution coming from the terms d3m = d3n, where the signs in >~ are chosen to be distinct, can
be estimated by using the first derivative test together with Weil’s bound as
]A dy, )A(d27n)‘

& 1/3
<<k4ZZZZ Z di’/?’dg/g PYERYE S<hﬁ:m d) (h;n )‘/ 10/3( k:) >d

= dulkdglkm= 1d§7erL Zgn
4 10/3 v2/3 ‘A i, )A(d2,n)’
SR SES 3 ol oP e e

dilk dz|k m=1 _n=1
dlm d2n

< X*kS.

For the off-diagonal terms we restrict to the case where the signs in ), are chosen to be the same as the
case of distinct signs can be treated similarly with easier arguments. The prior terms contribute, using again

the first derivative test and Weil’s bound,
4 |A di,m = |A(d2>n)‘ 7 ﬁ 7 ﬁ
<EDY NN Z _—vEw: /3 nz WY S\ Botmi - ) S (Bokns

£ d|k do|k m=1 =1

dim##dan
i +3(mad?)/3 + 3(naxd?)'/?
+
x/x10/3e< (madi) 3 (nzd3) )dx

A(dy,m > |A(dg,n)] X4k
cryyy ol s Ae)
/3 5/3
di1|k dz|k m=1 4/3d 2 ”;}12 n4/3d2 ‘di/?’ml/B — d§/3n1/3‘
1m7Fasn

_ k k
X S(h,j:m, dl) S(h +n; dz)‘

A(dg,n = |A(dy,m)] 1
< XS [A(dz, )] L.
Z Z Z 4/3d5/3 mZ:1 m4/3d?/3 ‘df/gml/?’

2/3 13|
di |k da|k n=1 —dy nt/

dfm;édgn

By symmetry it is enough to treat the terms in the m-sum with d?m < d3n (if this is not the case, one would
consider the terms with d3n < d3m in the n-sum). For these we split the m-sum into two parts according to
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whether d?m < d3n/2 or d3n/2 < d?m < d3n. Note that for d?m < d3n we have

1 1 n?/3
_ . << . .
d3/% a2 — @) gl/® o din — dim|

(9.5)

Using (9.5 together with the pointwise bound A(dg, n) < (don)?*¢ the terms with d?m < d2n/2 contribute

A(dg,n 2 |A(dy, m)| 1

< XS |Alda, n sm)|

c%;f c%% ; 4/3d5/3 mz::1 mA/3d/ d2Pmi/s — g2/Pp1/s
d*m<din/2

> > A(dy,m)| dyte
< X4l€6 | ’ . 2
€ Z Z Z Z mA/3 n2/3*§*5d?/3d§/3(d§n _ d%m)

dllk dz‘k}nzl m=1
d?m<din/2

«xXWYTY Y Ao
) dilkdalkn=1 _ m=1 mA/3nd/3-0—= /23
Hee dim<din/2

< XS,

where the last estimate follows from (4.2)) using partial summation, and the estimate ¢ < 5/14.
Recall that § > 0 is sufficiently small, but fixed. For the terms with d3n/2 < d?m < d3n we again use
(9.5) and the pointwise estimate A(d,n) < (dn)”*9 to see that these terms contribute

19+26 > |A(d m)| 1
41.6 1 .
< X%k ZZZ /393, 2/3+5 Z m4/3d?/3 |Bn — &m]|’

di1|k d2|k n=1 d m=1
din/2<dim<din

Observe that for d3n > d3m we have

J 1/6
n2/3 = pl/6p1/2 5 ( 1m> nl/2
d3

Combining this with the estimate, which holds as d3n/2 < d3m,

2d2 5/14+25
v < (2

d2
shows that the terms with d3n/2 < d3m < d3n contribute
oo (o)
|A(dy, m)|
(9.6) < X4ES .
dzn/2<dim<d3n

Next, we exchange the order of m- and n-sums. After that we apply the Cauchy—Schwarz inequality to the
n-sum to see it is

oo

1
Z nt/2+8(d2n — d3m)

n=1
din/2<dim<din

1/2 1/2
> 1 > 1
<\ X = > @aw| <!
- 1426 20 _ 2 2 ’
— nlt — (d3n — dim)
dan/2<dim<din dan/2<dim<din

where the last estimate is uniform in m, di, and ds. Now using this in , partial summation and (4.2)
show that the terms with d2m > d3n/2 contribute < X*kS. This finishes the proof. O
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Next we present the first proof for Theorem The idea is to relate upper bounds of Riesz weighted sums
with different orders. We first connect the sizes of Ay (z;h/k) and Az(x;h/k).

Proposition 9.4. Let k be a prime number. Let vy € [1,2] and n € [1,2] be such that v/2+n/6 > 3/4 and
~ h
Az T < k"
for k < x'/3=% with § > 0 sufficiently small and fized. Then we have
112 (x h) < T/6+/2ET/44n/2
) k .

Furthermore, we have

max
hezy

7o (i )| =0 (o7)
1/3-5

for any prime k < x
Proof. For any H > 0 we have by (/1.6)

w1 h . h
(9.7) Ay (x,k> =g / Ay (t;k) dt — i / /Zl (u; k) du dt.

Substituting the Voronoi identity of Corollary[7-3]into the first term, we may estimate it by the first derivative
test as

x+H
1 ~ h 1
9.8 — A (b= ) dt < = aT/3ET/2 4 k725473,
08) 7 [ R (6g) a< et i
Now, if Ay (z,h/k) < 27k", then the second term on the right-hand side of is < H x7 k", and choosing
H = g7/6=7/27/4=1/2 immediately gives
/Tz <x h> < T/6+/217/44n/2
"k

using and the assumption v/2 + 1/6 > 3/4.
To prove the second statement, note that from Theorem , and (9.7) it follows that
~ h
A (%)
~ h
Aq <u; k‘> ‘ .

1 . )
< —2BET2 L K243 L H max  max
H u€lz,z+H) hen)

Q (m5/3k5/2) = max
hez)

Thus for any H < x with 22/3k = o(H) we have

Zl (x; Z)' =0 (H_11'5/3k5/2> ’

from which the claim follows. O

max
hez;

Lemma 9.5. Let z € [1,00[, H € [1,z], and k < /379 be a prime with § > 0 sufficiently small and fized.

Then
x+H

1 7 (.0 ~1.5/3,.5/2
H/Al(t,k) dt < H " z°/°k>/=.

x
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L 1 h h

and by Corollary this is < H ' 2%/3k%/2 where there is no ¢ in the exponent of k as the denominator is
a prime. U

Proof. We have

Proposition together with the first part of the following result proves Theorem a result which is
formulated as the latter part.

Theorem 9.6. Let « €0,1] and 8 €]0,1] be such that 3a+ 8 > 3/2, « > 0, and

(9.9) > A(m, 1)e ( h)<<xkﬁ

m<x

for x € [1,00[. Suppose that k is a prime so that k < x*/37% for any sufficiently small fized 5 > 0. Then
/L <x h> < x5/6+a/2k5/4+3/2
) k N

Furthermore, when x — oo, we have

max Z A(m, 1) (mh) ZQ(ajl/3k1/2)

X
heZ;, m<a

for any prime k < z'/379.

Proof. By ([1.6) we have

010 i (eh) = [ (eh) ey [ () o

For the first term, we already know by Lemma [9.5] that

1 z+H b
2{ . H71 5/3 5/2.
7 / 1 (t, k) dt <« 7k

On the other hand, recalling that (by (4.1))

m<x

it follows from and the assumptions on a and 3 that we certainly have Ay (z;h/k) < 2°KP and so

e+ H t
% / /EO <U,Z> dudt < Hz“E".
Choosing H = x%/6=/2k5/4=8/2 giyes
Ay (m; Z) < gP/0Fa/25/4+8/2

To prove the second statement, note that from Proposition and (9.10) it follows that

Q (xk?’/?) = max Ao ( Z)’

hez)

~ h
Aq < x; )‘ < = 2%k + H max max
k H u€lz,a+H] hez




Q-RESULTS FOR EXPONENTIAL SUMS RELATED TO MAASS Cusp FOrRMS FOR SL3(Z) 25

Thus for any H < z with 22/3k = o(H) we have
max

e Zo <x; Z)‘ =0 (H—lxk3/2) 7

from which the claim follows as the residue term in Ag(z; h/k) has size O(k3/27¢) by (4.1)). O

Corollary 9.7. The exponent pairs (o, ) = (1,0), (o,8) = (3/4 4+ ¢,0), (o,8) = (1/3 +¢€,1/2), and
(o, B) = (1/2+¢,3/4), each of which either holds or holds under some assumptions, in the previous estimate
lead to

gl (az; Z) < x4/3k‘5/4, <. $29/24+5k_5/4’ <. a:Hsk?’/Q, and <. x13/12+5k_13/87

respectively. Here the choice (o, 8) = (1,0) is admissible by the Rankin—Selberg theory, the second one by
Lemma the third under the conjectural bounds , and the final possibility by Theorem (assuming
9=0).

10. SECOND MOMENTS OF LONG SUMS
Using the truncated Voronoi identity for Aj(z;h/k) we deduce the following mean square result.

Theorem 10.1. Let x € [1,00[ and suppose that k is a prime so that k < X139 for any sufficiently small
fized 6 > 0. Then we have

E (0

where C(k) € Ry with C(k) <1
Proof. We apply Corollary with the choice N = |[k73X?3] to get

~ B\ |2
Ay (x; k) dz

2X 2

k2 A(d,m) naf— k 3d%/3m1/3 g 1/3
- PR [ 7 L ) £ 38 mall
48 pez o Z Z dm zi:(:FZ)S h, ) k dz
b'e

de = O(k) - X3K3 + O. (k4 X8/3+E) ,

E

hezx
Fx

+

k
47r2\/§ heZX /

% dk m<N

- 2/3,,,1/3 ,.1/3
x Z(y)s(h, +m; ];) e <i3d”;;x) 0K 22/3) da + O (k° X/3+2¢),
+

Once we have proved that the first term on the right-hand side is =< k3 X3, it immediately follows from the
Cauchy—Schwarz inequality that the mixed term integral is

<. VIEXE B XTI XS/

Also, as k < X1/37% we have k> X7/3+2¢ «_ kA X8/3%¢  as required.
In the first integral, we expand |E|2 as ¥X. The diagonal terms, i.e. those terms where d? m = d3n and
where the signs in sums ) are chosen to be equal, give the contribution

2X

d17 d?a T k / 2
S|l h,+m;— | S| h,£n; — dz.
4222 > dlden heZXZ ( m; > < ”vd2> v de
di|k da|k m<N n<N X
d%m:d%n
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We will examine the contribution of the different pairs (di,ds) separately at first. The terms where d; =
ds = 1 contribute

2X

2 JAL,m)]* (k2 —k—1 )

(10.1) 24 Z p— o Amzo) T lm=o0() /33 dx

m<N b'e
by Lemma

Similarly, the terms with dy = dy = k contribute
|A(k / 2
10.
(10.2) 2471'4 Z k2m2 dz
< X
and the terms where d;ds = k contribute
k2 A(1, k*m)A(k,m) 0
9 m 9 m 2
(10.3) —oiRe > Ep: /m dz.
m<N/k? %

Our aim is to show that these three terms , , and (10.3), sum up to C(k)k3X?3, where C(k) € R
with C'(k) =< 1. The argument is similar as in the proof of Theorem

The upper bound of the right order of magnitude follows easily from the averaged estimates for the Fourier
coefficients (4.2]). For the lower bound, observe first that by using the arithmetic-geometric mean inequality
the absolute value of is bounded from above by

B A k) 7 ¥ AG,m) T
) K71 2 M 2
2474 Z k4m? /x dz + 2474 Z k2m?2 /x dz

m<N/k2 b m<N/k2 %
£ AL 7 Ak m)? T
m
) < ’ 2 2 dz.
(10.4) < S LE<N / dz + 24 7 E k2m2 /x dx
m< X

Notice that the latter term in is exactly (10.2] - Hence the sum of - -, and ([10.3]) is bounded

from below by

2X
k2 - 2k: |A 1 m) )
Y= . Z 1— 1m£0(k)) /.%' dz.
m<N X

This gives the lower bound > k3X?3 as in the proof of Theorem
The contribution arising from the terms dim = d3n where the signs in the sum ), are chosen to be
distinct is by the first derivative test and Weil’s bound given by

2 [Aldr, m)A(da, n)| | ¢ (7 kN (7 n X
i - [—
<k ;ZZ >y T dymn S (Btms - ) S B -
di|k d2|lk m<N n<N
d?m=d3n

2x + d2 1/3
" /xze<6(1mx>> e
k
X

A
<K EX2XPE Y A 7/3)| < XS
m<N

as in the proof of Theorem
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Next we study the off-diagonal contribution in the same sum, which is given, up to a constant, by

d))A(n, da) N
PYYY Y Y A E S(h,im;)s(h,in;)
+ =+ dy|kdg|km<Nn<N mnd; da hezy dq do
d?m#£d3n
n d2\1/3 d2)1/3
x/x26 (:l:g(mxkl) :F3(n$k2) >dx.

We restrict to the case where the signs in >~ are chosen to be the same as the case of distinct signs can be
treated similarly with easier arguments. The prior terms contribute, using again the first derivative test and
Weil’s bound,

A(m,dq)A(n d2)| X8/3k

<k |A( .

Z%E%Z%E% mn(did2)3 |2 P1/s — 2P
d?m#£d3n

By symmetry it is enough to treat the terms in the m-sum with d?m < d3n. For these we split the m-sum
into two parts according to whether d3m < d3n/2 or dan/2 < d?m < d3n. Note that in any case we have

1 1 < n2/3
dy/* 3Pt /s — a8 dy/®\dn — d3ml|

(10.5)

Using this, the terms with d3m < d3n/2 contribute

2/3
8/31.4 [A(dy,m [A(d2,n)| ) n
<Xk ZZ Z 3/2 Z ndém |d%n— d%m|

|k da|k m<N n<N
d2m<d§n/2

<XV Y |A(d1, m > |A(dz,n)| <. XS/3+eph,

3/2 13/6 4/3
Dk dalkmeN  Mdy nen  dy ' m?/
d2m<din/2

In the last step we have used partial summation together with the averaged bounds (4.2)) and the fact that
9 < 5/14.
For the terms with d3n/2 < d?m < d3n we note that

1/2
m > m'/? dg—n :
= 202 ) -

Combining this with (10.5) shows that the terms with d3n/2 < d?m < d3n contribute

< X8/3k4 | ) )
%;%;n;v 72; m1/2n5/641/2 41/ | dBn — d2m]
d3n/2<d?m<din
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Applying the Cauchy—Schwarz inequality shows that this is bounded by

A(m, di)A(n, ds)|?
<<k4X8/3ZZdl/2d7/6 T >y |A(m, d1)A(n, do)|

5/3
mn
di |k da|k m<N n<N
dZn/2<d?m<din
1/2

1
(10.6) X —_—
XX @ dr
dZn/2<d?m<din

1
448/3+
< kX Ezzdlm 19d7/619
dy|k do|k

<. k4X8/3+E.

Above we have used partial summation together with (4.2) and the observation that the final double sum in
(10.6]) is uniformly bounded with respect to dy and dy. This finishes the proof. O

As a consequence of the above theorem we obtain lower bounds for certain averaged mean squares. Theorem
follows immediately from the latter bound by (1.4).

Theorem 10.2. Suppose that k is a prime so that k < X'/3=% for any sufficiently small fived § > 0. Then

the lower bounds
2
dz > X°k®  and / ‘AO ( >
hez

h
A =
heZ; /’ ! <x k)

hold for sufficiently large X.

dz > X°/3k

Proof. The first bound is immediate from the previous theorem. For the latter bound, the main observation
is that we can bound the mean square of A, (z;h/k) from above in terms of mean squares of Ay (z;h/k) and
Ao(x; h/k). Knowing a lower bound for the averaged mean square of Ay (x;h/k) and an upper bound for the
averaged mean square of Ay(z;h/k) then leads to the desired conclusion.

Indeed, for any 0 < H < X to be chosen later, we compute

2
/‘Al(m ) dz

hez;

. 2X| a4+ H N 2
= E / /Z =) dt| d

HQhGZ:X 1 x,k] Xz

. 2X| a4+ H N t N 2
:—E//th—/g c— ) du| dt| d

thEZ;X 1ty 0wy ) du x

2X| x4+ H 2 2X| a+H t 2

~ h 1 ~ h
10. E A (t=) at — E / / /A P dt| da.
(10.7) H heZXX / 1 < ; k> dx + 7 hEZ,jX 0wy du dx

x x xT



Q-RESULTS FOR EXPONENTIAL SUMS RELATED TO MAASS Cusp FOrRMS FOR SL3(Z)

By simply integrating, the first term on the previous line is clearly
2X+H

(10.8) E ) ‘XQ (:c; Z)

H hezZ

2
dzx.

Using the upper bound gg(l’; h/k) < 25/3k5/2 from Corollary we see that |j is

Jo(=5)f

The latter term in ((10.7) can be estimated as follows. First note that

x+H t h x+H h x+H h
/ /ZO <u,k) dudt = / 210 (u; k:> (u—z)du < H / ‘;10 (u; k‘)‘ du.

Using this together with the Cauchy—Schwarz inequality yields

1
d 7X10/3k5-
T+ q

2X| a+H t 2 2

h 2X /[ x+H L
H E / /Zo (u; k) dudt| de < [E / ‘EO (u; k) ‘ du | dz
hEZX X x x hEZ? X x

2X+H x+H N
<H E ZO (u; k)
~ INE
Ay (x; k)

hezy
dx
- |2

2
dudz

2X+H

<m? K
heZy

3X

<H E
heZy
X

dx.

Thus we have shown that

hEZX / ‘A1< ;>
“ B (1)

1
do + — X103k
T+ H

2 3X SNE
dz+H? E /’ZO (x; )
heZ,jX k

29

As the second moment of Ay(z;h/k) averaged over h modulo k is =< X'3/3k5 when k < X1/3~% by Theorem

this implies

15 ()
heZy
X13/3}5

(10.9) <>~ 4+ E
H? hezy

X13/35 h\|? 1
K [\ (@ — X 10735
dor < ——5— 772 + /’ 0 ( ’k) dx + 7 k

heZy
i (2
"k

2
dz,

where the last estimate holds as H < X.
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Next we shall optimise the choice of the parameter H. Actually, before that we need a preliminary lower
bound for the moment
~ h
Ag (:17; k)

we are interested in. This is to guarantee that our optimal choice for H satisfies the constraint H < X.
We make the initial choice H = X in (10.9)). This gives

2
dx

3X
E

hezZy
Fx

3X Nt
(10.10) E / ’EO (x; > dz > Xk3
heZ) k
X
by Theorem as k < X'/37% We now make the final optimal choice for H by choosing
X 13/12.5/4
H =

3% N
4 .
ez [ Ao ()] ar
This satisfies the constraint H < X for sufficiently large X as by ((10.10) and k < X/3=% we have
X182/ 5/67.1/2 1-5/2

Using this choice for H in (10.9) gives

3X L
E | ’,zo (x; )
hez; k
X

as, by the previous theorem, the mean-square of ﬁl (x;h/k) averaged over h modulo k is < X3k when
k < X1/3=9_ Hence, the second bound is also established. O

2
de > X5/3k

11. AN IMPROVED POINTWISE BOUND FOR LONG SUMS WITH RATIONAL TWISTS

In this section we improve the best known upper bound for rationally additively twisted sums with sufficiently
small denominators.

Theorem 11.1. Let z € [1,00[, and let h and k be coprime integers with 1 < k < x/3. Then

Z A(m, 1) e(rr;h) <. K3/ gl/2 49/ 2 4

m<zx

Proof. By the estimate (9.11) it is enough to prove the desired bound for Ag(z; h/k). Let H € [1, 00| satisfy
H < z, which will be chosen at the end. Estimating a short exponential sum by absolute values yields

z+H h L z+H b b
T gAY o LA N L 2 9te
/ Ao(t, k) de HA()(LC, ]C) / (Ao(t, k’) Ao((E, k)) dt <. H°x R
x+H

H A (z; Z) = / Ao (t;Z) dt + O(H? 27+9).

We know from Corollary [8.5] that

so that

~ h
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This bound gives
x+H

Y ﬁ _i A ﬁ I+e
Ao(x,k)_H/Ao<t,k> dt + O(H 27+%)

x

= % <ﬁl(w+H;Z) —Zl(m;];)) + O(H 2”7%%)

<. % K32 gtte 4+ H g0he,
Choosing H = k3/* z(1=9)/2 yields
i, <x; Z) <. KB/ gL/ 2H0 24
as desired. m

12. SHORT SECOND MOMENT FOR RIESZ WEIGHTED SUMS

The goal of this section is to compute the short second moment of Riesz weighted sums for a = 2 and a = 3.
Let us start by listing some consequences of the first derivative test.

Lemma 12.1. Let Z,U,T € [0, X]| and k,m,n,dy,ds € Z,. Then

XAS ] 3(df/3m1/3 (z+T)* + d2*n'/3 (x + U)l/g) X (4a+4)/3],
(4a+2)/3

/ T el + dr < 573 YRR

J k dy""mt/3 + d3y/ " nt/3

Lemma 12.2. Let =,U, T € [0, X] and k,m,n,dy,ds € Z, with U < T and d?m < d3n. Then

ua 3(dPm/3 o+ TP — a3 (o 4+ 1)) XGata/sg
(4a+2)/3
x e| £ dzr < 73 573 .
k d2Pnt/3 — @2Pm1/s

X

Lemma 12.3. Let Z,T €10, X] and k,m,n,d1,dy € Z with d3m < d3n, di > da, as well as dym < X/6T.
Then

(4a+2)/3 4
T (& k

X4E 3(d§/3m1/3 21/3 _ d§/3n1/3 (z + T)1/3)
/ dz
X

X (dat4)/3 . ,2/3 g=2/3
(12.1) < kn™dy

n—m
The first two lemmas are straightforward to prove, but the third one requires some explanation. The derivative
of the phase function is, up to a sign, given by

d§/3m1/3 d§/3n1/3 di/?’ml/?’ (z + T)2/3 _ dg/?’nl/S 22/3

25k (w+ TPk (x +T)** 22/3

The denominator is of course =< X*/3k, and the numerator is, by using the identity 2® — y® = (x —y)(z? +
xy + y?), given by

(d%m — d%n) 2?2+ 22 Td?m + d3m T?
2 2"
(df/ 3ml/3 (¢ + T)Y 3) + PP/ B3 203 (2 4 TP (dg/ 3p1/3 z2/3)

In the numerator, the denominator is given by = dg/ 3n2/3 X4/3 and the numerator is

= (djn — dim) X*.
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Now (|12.1)) follows immediately from Lemma
Let us then proceed to the proof of the short mean square result for Riesz weighted exponential sums
related to Hecke—Maass cusp forms.

Theorem 12.4. Let X € [1,00], k be a prime, and let A= € [1, X] satisf X12H03/2 « A <« X2/3-0F,
and X?T0k3 <« EA? for any sufficiently small fived 5 > 0. Then, for X large enough,

de < EA? X232,

and

2
de == A2 X10/3k5

E [ (eeat) -2 (1)

Proof. We shall actually prove a more general result concerning A, (x;h/k) for any integer a > 2 satisfying
a =0 (mod 3) or a =2 (mod 3). Our starting point is the formula

7 A S O W Gt AL g m) =k
Aq <JU + A4 k> - A, <~"Ua k> (2r) a+1\[ Z Z Z (a+2)/3d(2a+1)/SS (h,:l:m, d)

dlk m

2 1/3
X (($+A)(2“H)/3e<i3(md (x]: A ) _x(2a+1)/3e(i?>(77”bclzﬂﬂ)l/3>)

+0 (XZa/Bk(2a+3)/2) ,

which follows from Corollary Note that d(k) does not appear in the error term as we assume k to be a
prime.

Exchanging here the factor (z4A)2¢+1/3 to £(2a+1/3 costs < A X (20=2)/3(20+1)/2 'which is < X 20/3)(20+3)/2
provided that A <« kX?/379, Thus,

~ h ~ h
Aa (.T—"A, k‘) _Aa <.’E, k‘)

) x(2a+1)/3k.a

_ ( -+a ) 7 . k
T 2n) 3 Z Z Z m(a+2 /3d(2a+1)/35 h, £m; d

d|lk m=1

x (e(i?’(mdQ(xlj A))m) - e<iW>> +0 (X2“/3k<2“+3>/2) .

50bserve that the first condition implies k < X1/3-9,
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Now the second moment may be expanded as

hezx/\ (-raig) -2 (=)

2
dx

(2 )2a+2 3
X+= oo m) I 2
4a+2)/3 7 .
% p(dat2)/ hg,x Z Z (a+2)/3d(2a+1)/35 <h +m; d) (e(...)—e(...)| dz
X + dlk m=
( )aka X+= k
_ =D e (2a+1)/3 E s(hn+
2aﬂ-a+1\/> € v z:l:: dzk:nzz:l m(a+2)/3d(2a+1)/3 hEZX m d
(12.2) x (e(...) —e(..))- O (X2PEEANR) 4z 1 O (2 x1/3204)

Once we have proved that the first term is < = A2 X (4a=2)/320=1 then the middle term is by the Cauchy—
Schwarz inequality

(12.3) < VE A2 X(4a-2)/3}2a—1/T X4a/3}20+3 « T A X (“4a—1)/3 2041

Thus, we can focus on the first term on the right-hand side of . In the course of examining this term
various subterms arise. We will derive an upper bound for each of them and at the end of the proof show
that these terms contribute less than the main term that will turn out to be =< = A2 X (4a=2)/3 p;2a—1

For A\ € {0, A} we write

3(md?(x + \))Y/3 - k
s/\ =1 ZZ (a+2 /3d(2‘1+1 3¢ < - S h,m,g

d|k m=

and

5 i m) Bmd(w + )N (7 K
sz(a+2)/3d(2a+1)/3 k S h’—m7g )

dlk m
so that, up to a constant, the integral under study takes the shape

X+= ?
2a (4a+2)/3 +a ) 7 . E _
k / T L ZZ ; Z m(a+2)/3d(2“+1)/ S (h,:l:m, d) (e(...)—e(...)| dz
X
X+E
_ k2a / x(4a+2)/3 EX {(SZ — Sar) + (sz — Sa)|2 dx
her]
X
X+E
= / a@etd/3 ||k — s | dx
hez;
X
X+=
(12.4) +2k**Re / es2fs B (s —s3) (55 — s0) da,
hez;

where we sum over both choices of the sign . Furthermore, we split each of the sums sf into parts

<, ia +,> . .+a
5 ZZ . and s =1 ZZ,

dlk m<No d|lk m>No

where we set Ny := X/6A.
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Now the first integral on the right-hand side of ((12.4)) is

X+
(125) kQa / 4a+2 /3 +,< +,<
X

SA T T 50

2
‘dx

hezX

2
(4a+2)/3 E ’si’>—soi’>’ dz
hezZ;

+ k2@ Z
+

><\+

Lat2)/3 TR, (SX’ —sé‘)W@.

+ 2k%°Re
Xi: hez)

><\+

Of the three new integrals we treat the last one first. It is given by

2k2“ReZ gAat2)/3 (51[’< — soi’g) (si’> — s§’>) dz
+

>
+
[

= k2@ Z / pdat2)/3 ((SX’g — 8§’<> (3§7> — 8§’>) + (Si’g — s%’g) (si’> — s§’>)) dz
+ X
2a A(dlvm) T . k
<k g Z Z (a+2)/3d§2a+1>/35 b s o
0

1

d27 ) k
;;@mwmw@m@

(x + A)1/3 (mlﬂgaﬁ/3 — n1/3d§/3)

>
(4a+2)/3
k

3 z+A) 1/3 1/3df/3 _ x1/3n1/3d§/3)
k

3 (x1/3m1/3df/3 — (z+ A)1/3 n1/3d§/3)
k
3p1/3 <m1/3df/3 _ n1/3d§/3)
k

—e $

+el| F dz.

Asn > m and k is a prime, the diagonal contribution from d?m = d3n can only arise when d; = k and dy = 1
in the integrals corresponding to the first and fourth exponential term on the right-hand side of the previous
display. This in particular means that Ny < n = k?m and so we have m > Ny/k? in the diagonal terms
corresponding to the first and fourth exponential term. Hence, their total contribution is, for any sufficiently
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small fixed € > 0,

|A (k,m)| ’A (17k2m)’ L9 (dat2) /3
<Ky e L e a2/
No/Ks o< No mla+2)/3L(2a+1)/ (ka)(a"' )/
1
39+2a/3-7/6—= 4a+2)/3
L KT Ex e/ > T@atd)/3—20-2c
No/k2<m<Ny
39-42a/3—7/6= v (1a+2)/3 [ No —2/8=e 1
ek =X <k2) Y. —mmaE
No/k2<m<Ny
(12.6) < k3UH2a/3+1/6+2e A2/3+ez da/3—c
I+e

where we have applied the pointwise bound |A (m,n)| < (mn)
recall the definition of Ny = X/6A.

The diagonal contribution in the integrals corresponding to the two other exponentials are estimated
similarly, noting that by the first derivative test

in the second step and in the final step we

k RN U

X+E 1/3 2/3( 1/3 1/3)
3 d + A X a+
/ x(4a+2)/3 F m (.’17 ) r (4at7)/3 k

We may estimate the off-diagonal terms with d3m # d3n by Lemma or Lemma depending on the
term in question. By symmetry it is enough to consider the terms with d?m < d3n. As a model case, we
consider the sum

A (dl m) d2 . k
2a ’ ) 1 .
k Z Z Z (a+2)/3d§2a+1)/3 S h :tm . Z Z (a+2) /3d(2a+1)/ S h’ :IZTL, d2

+ di|km<No dalkn>No T
X+E 3 (x1/3m1/3d?/3 (x4 A n1/3d§/3)
o / a3, [ - ; dz
X

For simplicity, we further restrict to terms with dy = k, da = 1 (in which case n = d3n > d3m = k*m) as the
other terms are easier to deal with.

Note that when Ng/k? < m < Ny we may argue as in the diagonal case to see that these terms are by
Weil’s bound

2a+1/2 |A(k, m) |A(L,n) (4a+2)/3=
<k Z (a+2)/3k(2a+1)/3 Z n(a+2) /3 X =
No/k2<m<No

< KAa/FH1/6+0 x (dat+2) /35 N~ a/3+1/3 (No

—a/3+1/3
#)

(127) < kQa—1/2+19X(2a+4)/3EA(2a—2)/3.

For the terms with m < Ny/k? we use Lemma and Weil’s bound to estimate the sum in question as

(4a+4)/3 ,2/3},
2a4+1/2 |A(k,m)]| [A(l,n)| X n
<k Z m(a+2)/3](2a+1)/3 Z n(at2)/3 In—m|
’I’TLg]\/vo/k}2
403476 v (4a+4) /3 |A(k, m | |A(L,n) 1
(12.8) <k X > Caa Y na/g T

m<Ng/k? n>No
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To the inner sum we apply the Cauchy—Schwarz inequality and partial summation (together with the estimate
(4.2))) to see that

1/2
1
> o)

n>Np

|A(1,n) ( |A(1,n) ) (
Z a/3 — Z 2a/3
n>Ng n / ‘n m| n>No n /

< N(;a/3+1/2’

where the last estimate holds uniformly in m < Ny. Using this in ((12.8)) gives a contribution

2 —a/34+1/2
4a/3+7/6 v (dat4)/3 |A(k,m)|* (X
<k X Z mat2/3 \ A
m<No/k?

(12.9) <. k4a/3+7/6+219+5Xa+11/6Aa/3—1/27

where we have in addition used partial summation together with (4.2))

Note also that the second integral on the right-hand side of can be treated using even simpler
arguments. Indeed, applying Lemma to bound the exponential integrals, and estimating then trivially
using the Weil bound shows that these terms contribute

sat1 N~ N~ |A(dym |[A(da, n))| 1
<k Z Z (a+2)/3d(2a+1 /3 Z Z n(a+2)/3d(2a+1)/ \/m

dy [k m=1"T" dalkn
X (4a+4)/3}

X
&Pm1/3 4 @21/
(12.10) < X(a+4)/3p2a+2

Let us next treat the middle term in ((12.5)). Using the triangle inequality it is clearly enough to estimate

the integrals
X+E

k?a / x(4a+2)/3 |S§’>‘2 dz.

X
We expand the square to see that the integral is bounded from above by the expression

. |A (dy,m) A(dy,n)| e T dn
k ZZ Z Z (a+2)/3n(a+2)/3dg2a+1)/3dg2a+1)/3S h, £m; d S| h,£n; a5

dl‘k dzlk} m>Np n>Ny

x4= 3(x+N)? (ml/?’df/3 - nl/?’dg/g)
X / gt /B | 4 3 dz.
X

We treat the diagonal and off-diagonal terms separately. Let us first concentrate on the diagonal, which
correspond to the terms where d?m; = d3ms. These contribute

2a+1 |A(1,m)
<k Z m(2a+4 /3
m>Ng

a —_ a —(2a+1)/3
< k2ot = x(4a+2)/3 N, ( )/

x (4a+2)/3

(1]

(1211) < k2a+1EX(2a+1)/3 A(2a+1)/3
by partial summation coupled with (4.2).
Similarly, the off-diagonal terms contribute, using Lemma and Weil’s bound,

X(4a+4)/3k

A(dy,m |A(d2,n)|
< k2a+1 | , M y 1 )
d%dzkm;v <a+2>/3d<2“+1 /3 Z n(@+2)/3q29T0 2B 1/s 215




Q-RESULTS FOR EXPONENTIAL SUMS RELATED TO MAASS Cusp FOrRMS FOR SL3(Z) 37

By symmetry it is enough to treat the terms in the m-sum with d3m < d3n. For these we split the m-sum
into two parts according to whether d2m < d3n/2 or d3n/2 < d3m < din. Let n > 0 be arbitrarily small, but
fixed. Note that for d3n/2 < d?m we have, using (9.5) and the pointwise bound A(m,d) < (md)?*7, that

|A(dz, )] . 1
m(a+2)/3 (20D /3 (a42)/3(2et /3 218178 _ g2/5173)

n?+n

(12.12) —— :
m(a+2)/3d§2a+1)/Sn(a+2)/3d§a/3 1—9 n|d%n . d%m|

Observe that

9 1/6
no/3 — pl/6pa/3-1/6 < (d:i;n) na/3-1/6
2

Using this together with an easy estimate
9 5/14
d2m> (dzm)
9 1 1
o ('
d3 d3

1
< .
ma/3+10/21d?a/3_1/21na/371/6777d§a/3_13/21—19—71|d%n — &?m|

gives that (12.12) is

This means that the terms with d3n/2 < d?m < d3n contribute

< k2a+2X(4a+4)/3

<33y 3 |A(d1, m)|
3410/21 920/3=1/21 /3 1 /6_p 42a/3—=13/21—0—n 0 1o
DkdahnoNe  moN, | mA/EI0/2Ldy na/3=1/6=nd; (d3n — d?m)
din/2<dim<din

< k2a+2X(4a+4)/3

dim\ ™" |A(dy, m)|
T Y T (%) R T R ,
T Tk o No M No ds; ma/3+10/21 43 /3=1/ na/3=1/6+n4> /3-13/ "d2n — d2m)

where in the last step we have multiplied both the numerator and denominator by n?", used the estimate
n < d3m/d3, and finally dropped the constraint d3n/2 < d3m < d3n in the m-sum. Next, observe that for a
fixed m the n-sum can be bounded by the Cauchy—Schwarz inequality as

. ) 1/2 . 1/2
Z nu/3—1/6+n(d§n _ d%m) < ( Z nQa/3—1/3+2n> ( Z (d%n _ d%m)2> < L

n>Ng n>Ng n>Ng

where the final bound is uniform in m, d;, and ds.
Combining everything we have shown that in total the terms with d3n/2 < d?m < d3n contribute, using
partial summation together with (4.2)),

1
< Rt x (a3 § 3
o 2a/3-1/21—4n—0 2a/3-13/21—0+3n

in Tk ke me N, MA/3T10/21 " d;

(1213) < ]€2(),‘|’2)((4a+4)/37

where the inner triple sum is < 1 by the estimate ¢ < 5/14.
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For the terms with d?m < d3n/2 we note that by (12.12) one has

|A(dz, )] . 1
m(a+2)/3 (20D /3 (a42)/3(2et /3 218178 _ g2/
. n?te
€ m(a+2)/3d§2a+1)/3n(a+2)/3d§a/37171976(d%n - d?m)
1

¢ m(a+2)/3d§2“+1)/3n(a+5)/371975d52“+7)/6—19—5'

Hence, the terms with d2m < d3n/2 contribute

|A(d1, m)|
<e k2a+2X(4a+4)/3ZZ Z Z 2a+1)/3 2a+7)/6—09—¢’
PR AT 4 m(a+2)/3d§ +1)/ n(a+5)/3—19—sdé +7)/ <

which is again
(1214) < k2a+2X(4a+4)/3

using partial summation and (4.2)).
Now only one integral remains, namely

X+
< <
=Y / 023 [ |g5s _ ghs
+
X

2
‘ dz,

heZy

where we have for simplicity dropped the constant (27r)*(2“+2) 3 in front. When we again multiply out
i

|E|2 =YY, we obtain from the off-diagonal terms by Lemma [12.2{ or Lemma depending on the term in
question, and Weil’s bound a contribution

A(dy,m)| - |A(dz,n)| X (dat+d)/3
L D DD S D e - .
o o a/3+5/6 ;2a/345/6 2/3 2/3

dy |k da|k m<No m<n<No mlat2)/3 p +2)/?’dl ad dy Gl |d1/ m1/3 —dg/ nl/?’\

Estimating this is completely analogous to the computation above and leads to an upper bound
(1215) << X(4a+4)/3k2a+2.
To evaluate the diagonal contribution we set N; := ¢ X2k3 A~3 with a constant ¢ so small that

ml/3 ((x+A)1/3 —xl/?’) _ 1
k =127

say, for each m < Ny. Clearly Ny < Ny for X sufficiently large, as A > X1/2+9}:3/2,
By estimating trivially, the higher frequencies m > N; in the diagonal terms contribute

2
< k2ot! Z ‘A((Q{JIZ))/L = x (4a+2)/3
Ni<m<N,

(12.16) < KROHIN2BB g x (ak2)/3 o A2t
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In the remaining smaller frequency diagonal terms, we see that these terms are given by

A(dy,m)A(dg,n)

23D ID DY » 7

a a (2a+1)/3 ;(2a+1)/3

£ dy|kdo|k m<N: <Ny m(a+2)/3p( +2)/3d1 dS
dim=din

— k — k
+£m; — tn; —
h, +m; d1>5(h’ n; d2>

E 2/3
. (j[?ﬁnl/?’d1 ((z+ A3 — x1/3)> .

x K s

heZy

N

2
dz.

(12.17) x [ zWa+d/3 -

He—

Using Lemma we note that this equals S7 + Sy 4+ S35 + Sy, where

A(l
Sl = kza ( ) Z Z |Tn(2a$

+ m<N;
mZ0 (k)

3 1/3 3
x / pUat2)/3 | <i3m1/ ((z+ A3 — 21/ )) »
X

k
12 |A(k, m)[?
S =k ; m(2a+4)/3(4a+2)/3

2
dx

2
dx

> x(4a+2)/3 e

<i3m1/3k2/3 ((x —l: A)l/s _ xl/?’)) .

o
S3 — _2k2a ZRQ Z A(Lk m)A(k7m)

e (B2m) (@D B (@2 /5o /3
m< Ny 2

X+E a0
. <i3m1/3k2/3 ((:v + A)1/3 _ x1/3)> .

2
dx

(4a+2)/3
. k

X
M—

X+2 ) 2
_ 1.2a |A(L,m)[? (4a+2)/3 3m!/3 ((x + A3 — 2!/3)
Sy =k %: Z m(2a+4)/3 / ( )3 e [ £ 3 — 1| dz.
<N
m=0 (k) X
Our next objective is to show that
(12.18) S1 4 Sy + S3 + 8, =< EAZX (He=2)/3 201

The upper bound follows simply by estimating trivially using known average growth properties of the Fourier
coeflicients. Towards the lower bound, note that by the arithmetic-geometric mean inequality we have

[A(L, k*m) A(k, m)| < AL E2m)? Ak, m)[?

2 (ka)(a+2)/3m(a+2)/3k(2a+1)/3 — (kzm)(2a+4)/3 k(4a+2)/3 7, (2a+4)/3
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and so
X+E 2
) AR 7 apaygal (B (4 ) = 1)
\Sg|§kaz Z 2 (2a+4 @ el + k —1| dz
+ m<N, k2 b
X+= 1/31.2/3 1/3 _ .1/3 2
2 |A(k, m) (4a+2)/3 3m!BR2S ((@ 4+ AP —2lB)
+k g <ZN (da+2) /3m(2a+4)/ / el =+ % 1} de
m< N1 X
< |Sa] + |S2].
From this it follows that
2a+1 |A(L m)\
SI+SQ+53+S4>>k +Z Z W(l—lmzo(k))
+ m<N;
X+4E 2
1/3 1/3 _ ,.1/3
X / p(at2)/3 o <:|:3m ((a:—&—kA) * )> — 1| da.
X

Using the non-negativity of the terms involved and dropping all but the first term in the sum, this is

: (ﬁ«wmlﬂ* —M) 1

k

X+=

k2a+1 Z / x(4a+2

Using the estimate |e(a) — 1| < |a|, which holds for small |a| (recall that A < X2/379k), we can bound this
from below by

2
dx.

X2/3k
- EA2 X(4a—2)/3 k2a—1'

2
> k2a+15 X(4a+2)/3 ( A )

We conclude that the expression (12.17) is =< Z A2 X (4a=2)/3 j2a—1
Combining estimates (12.2))-(12.18) we have shown that

X+E2 ) A 2
E / A, (m—i—A;)—A'a (x,)
heZy 4 k k

where S = = A2 X (4a—2)/3 p.2a—1 514
E =2 X%/3)2043 | g A x(da—1)/3)2a+1 | 1.30+20/3+1/6+2 \2/3+em yda/3—¢

dz =S+ O(E),

| j20+9-1/2 x (20+4) /32 A (20=2)/3 | pAa/3+T/64+0+2 yatl1/6 Aa/3-1/2
+ X(4a+4)/3k2a+2 + k2a+15X(2a+1)/3A(2a+1)/3 + EA2a+1.

Now we note that F = o(S) by considering the terms in E individually. Below we list which assumptions are
needed to bound each of the terms. These claims can be easily verified by straightforward computations:

EX*0/3k20H3 = o(S) holds as A > X1/2+H93/2 and k <« X1/379,

EAXa=D)/3k20+1 — 5(8) holds as A > X1/2H9E3/2 and k < X1/379,
E3U+20/3+1/642e A\2/3+ez xda/3=¢ — 5(S) holds as A > X/2T9k3/2 and 9 < 5/14.
kratv-1/2 x Qe+ /35 ARa=2)/3 — 5(S) holds as A < X230k, k < XY/379 and ¢ < 1/2 (when
a>4)and as A > XV2H0E3/2 | < X1/379 and 9 < 1/2 (when a < 4).
fAa/3+T/6+20+e xat1l/6 Na/3-1/2 — 5(G) holds as ZA? > X?Tk3, A < X, and 9 < 5/14.

o XWatd)/32a+2 — 5(G) holds as X2H0k3 < ZA2.

o 2otz x (atD)/3\QRa+1)/3 — (S) holds as A > X V/2HE3/2 and k < X1/379,



Q-RESULTS FOR EXPONENTIAL SUMS RELATED TO MAASS Cusp FOrRMS FOR SL3(Z) 41

o ZA%2HL — o(8) holds as A < X?/379,

These yield the claimed estimate

E [ [frad) =)

The statements of the theorem follow by specialising to the cases a = 2 and a = 3.

2
dr = EAQ X(4a—2)/3 k/,Q(L—l-

13. 2-RESULT FOR SHORT SUMS OF FOURIER COEFFICIENTS

Choosing 2 = X (which clearly satisfies the required assumptions) in Theorem leads to the bounds

(13.1) heZX/‘AQ (erA )212 (m; Z)

and

(13.2) her/’Ag (x+A )—Zg (xZ)

in the range k3/2X1/?2t9 « A « X?/379k. Using similar ideas as before, these can be used to deduce lower
bounds for twisted short sums of the Hecke eigenvalues on average when one also averages over the numerator
of the exponential twist, which will in turn yield an Q-result for short sums.

2
x = A2 X3k,

2
de = A2 X13/3k,5

Theorem 13.1. Let X € [1,00[, let k be a prime and suppose that k3/? X110 <« A < kX?/379 for any
sufficiently small fized § > 0. Then, for sufficiently large X, we have

/’AO (x—!—A ) —KO (x;h>
hEZ>< k

Notice that this result immediately implies Theorem 2.4] (and consequently Theorem [2.3) as the residue terms
in the sums Ag(x;h/k) cancel each other.

2
de > A2 XV/3K 1,

Proof. We begin by proving a lower bound for the mean square of a short first order Riesz sum gl (z+A;h/k)—
Ay (z;h/k). As in the proof of Theorem this time using the pointwise bound As(z;h/k) < k7/2z7/3
from Corollary [7.4] we have for any 0 < H < X that
- Y\ |2
/‘Ag (x—i—A ) — Ay (x,) dx
hezy k

(13.3) A2X13/3k‘) +H? E
heZX

where the last estimate follows from (13.2]).
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Next we shall optimise the choice of the parameter H. Actually, before that we need a preliminary lower

bound for the moment
X N )
A A=) — A (2~

we are interested in. This is to guarantee that our optimal choice for H satisfies the constraint H <
A2X~13k=2 (and in particular H < X when X is large enough). This is needed so that H~'X'/3k7 «
H72A2X13/3k5.

We make the initial choice H = A?2X~1/3k=2 (which satisfies the constraint H < X for sufficiently large
X by the assumption A < X2/3*5k) in 1) This gives

2

E dx

hezy
s

3X
~ W o~ [ B\
(13.4) E / A (z+A0;=) Ay (2= )] doz>A2ETX1/3
hezy k k
k
X
using (13.1)) as A > k3/2X /249 We now make the final choice for H by choosing
Al/2x13/12}.5/4
H =

2

3X | - '
:/Ehez,j ){ ’Al (z+A;2)— A (az,%)‘ dz

This satisfies the constraint H < A2X ~'/3k~2 thanks to (13.4) and the assumption A > X/2+9k3/2, Using
this choice in (13.3)) gives

3X
(13.5) E / ’Avl <l‘ + A; h) - Avl (l‘; h)
hez 4 k k

by (13.1), giving a lower bound for the short first order Riesz sum.
We now turn into estimating the sum appearing in the statement of the theorem. Again, arguing as in
the proof of Theorem and using (13.1) together with the bound Ay (z; h/k) < 25/3k5/2 gives

3X b L
E‘/Z A A (2R
heZ;: 1|+ ) L 1| Lk
X
1 2X 3X n b
X 3X/2
2

4X
+H2El/ﬁox+Aﬂ g (2
hez) e k k

4X
BEPCEEIE 2 /~ AN h
(13.6) € APXUK 4 H hgfj Ao (48 ) = Ao a5
C X

2 A2X3k3

2
_ 2y5/3
AX13/6k5/2) _AX/k

dz > (

2
dx

2
dx

1
d 7X10/3k5
T + H

2 1
d 7X10/3k5
x + Ji

for any 0 < H < X.
Next we shall optimise the choice of the parameter H. Actually, before that we need a preliminary lower

bound for the moment
- R\~ R\ |?
A A=) —A s —
o(e+aig) - (=)

4X
E dz

hezZy
FXx
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we are interested in. This is to guarantee that our optimal choice for H satisfies the constraint H <
A2X~1/3k=2 (and in particular H < X when X is large enough in view of the assumption A <« kX?2/3-9).
This is needed so that H=1X19/3k5 « H=2A2X3k3.

We make the initial choice H = A2X ~'/3k~2 (which again satisfies the constraint H < X for sufficiently
large X) in (13.6)). This gives

4X
(13.7) E / ‘go (x + A, h) — Ay (w; h)
hez) e k k

using (13.5) as A > X1/2+913/2 We now make the final optimal choice for H by choosing

2
dz > A2XT/BEP

A1/2X3/4]€3/4

H =
4X, N
[Buce ] [+ 85~ Rt

)2 dz

This satisfies the constraint H < A2X ~1/3k~2 thanks to (13.7) and the assumption A > X/2+9k3/2, Using

this choice in (13.6) gives

3X
2
kA2 X3 <« B /’Zl (x—i—A;h) — A (x;h> dz
heZ k k
X
4x N ) N Nt
< k2x3A | E /‘AO (x—i—A; ) — Ay (x; ) dzx,
heZ) k k
and hence
4x
- M~ [ h\|? AZXSBE N,
Y L _ /3 1.1
h]eEZ:,f/‘AO (m—i—A,k) Ay <xk> dz > (AX3/2k3/2> = AP X3ET
X
This completes the proof. O

APPENDIX: CORRECTIONS TO [22]

In [22] there was a wrong factor d instead of the correct factor d'/? in Theorem 1. This was corrected in
[23], which also described how the proofs of Theorem 2 and Corollary 3 need to be modified in order to
obtain the same conclusions. Alas, the computation of the asymptotics for the Meijer G-function revealed
another mistake in the proof of Theorem 1 of [22]. Namely, when j = 1, the I'-quotient expression used to
approximate the I'-quotient coming from the functional equation of the twisted L-function of the underlying
Maass cusp form is correct only in the upper half-plane; in the lower half-plane the factor i/ should read
(—i)7, thereby changing Theorem 1, though fortunately not really affecting the proofs of Theorem 2 and
Corollary 3 apart from obvious cosmetic changes. The corrected formulation of Theorem 1 of [22] reads as
follows.

Theorem 13.2. Let z, N € [2,00] with N < z, and let h and k be coprime integers with 1 < k < z and
k< (Na:)l/g, the latter having a sufficiently small implicit constant depending on the underlying Maass cusp
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form. Then we have

(1)

m<zx

3d2/3 m1/3 x1/3
R M WU R R ey

d|k m< Ny
+ O(k_ x2/3+19+6 N—l/S) + O(k $1/6+6 Nl/ﬁ—‘—ﬂ).
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