Exponential Sums Related to Maass Forms
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Abstract

We estimate short exponential sums weighted by the Fourier coefficients of
a Maass form and discuss how the results depend on the growth of the Fourier
coefficients in question. As a byproduct of these considerations, we can slightly
extend the range of validity of a short exponential sum estimate for holomorphic
cusp forms. The short estimates allow us to reduce smoothing errors. In par-
ticular, we prove an analogue of an approximate functional equation previously
proven for holomorphic cusp form coefficients.

As an application, we remove the logarithm from the classical upper bound
for long linear sums weighted by Fourier coefficients of Maass forms, the result-
ing estimate being the best possible. This also involves improving the upper
bounds for long linear sums with rational additive twists, the gains again al-
lowed by the estimates for the short sums. Finally, we shall use the approximate
functional equation to bound somewhat longer short exponential sums.

1 Introduction and the main results

1.1 Maass forms

Let 1 be a Maass form for the full modular group, corresponding to an eigenvalue
1/4 + k2 of the hyperbolic Laplacian, and with the Fourier expansion

Y@ +yi) =y"/* Y tn) Kix (27 n| y) e(na)
n#0
where z € R and y € R;. We may assume without loss of generality that v is even or
odd, i.e. that t(—n) = t(n) for all n € Z, or that t(—n) = —t(n) for all n € Z,. For
standard references on Maass forms we refer to [Iw, Mo]. It is perhaps wise to remark
already here that all the implicit constants in this article are allowed to depend on .
The Fourier coefficients t(n) satisfy a bound of the kind

t(n) < n’*e

for some ¥ € [0, 00[. Arguably the simplest admissible exponent is ¢ = 1/2. However,
our results below require ¥ < 1/6 to be interesting. Fortunately, the best known
exponent is ¥ = 7/64, due to Kim and Sarnak [KS]. The Ramanujan—Petersson
conjecture for Maass forms declares that ¥ = 0 is admissible. On average, the
Fourier coefficients are of constant size. In particular, we have a Rankin-Selberg
type estimate for the Fourier coefficients. One such result is the following (see e.g.
[Iw], Chapter 8):

n<M n<M

J113 tyetna)] da= 3 ol = ans+ 0017, (1)

where A is a positive real constant depending on .
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1.2 Objects of study and motivation

In the following we will consider linear exponential sums of the form

Z t(n) e(na),
M<n<M+A
where M € [1,00[, A € [1,M] and @ € R. When A = o(M), we call such sums short.

The reasons for considering such sums are manifold. First of all, the Fourier
coefficients t(n) are interesting mathematical objects which are not as well understood
as one might wish. As trigonometric polynomials, the exponential sums above contain
all the information about the Fourier coefficients and thus provide an interesting
window into their behaviour. The study of Maass forms and their L-functions also
naturally leads to exponential sums weighted by the corresponding Fourier coefficients
of which the above linear sums are an important special case.

When « is a rational number h/k, the problem of estimating long sums with
A = M is very analogous to classical problems in analytic number theory, such as the
problems of estimating the error terms in the circle and Dirichlet divisor problems.
Furthermore, the problem of estimating such sums with A = o(M) provides an
analogue for problems such as studying the behaviour of the afore-mentioned error
terms in short intervals. For further information about these classical topics, see e.g.
Chapter 13 of [Iv1] or [T].

Finally, good estimates for the short exponential sums above can sometimes be
used to reduce smoothing error. An example of such an application is given e.g. by
Theorems 4 and 6 below.

For holomorphic cusp forms, short exponential sums have been studied by Jutila
[Ju5], and the best known bounds are due to Ernvall-Hytonen and Karppinen [EK,
El].

It is interesting to study how sensitive the arguments used for holomorphic cusp
forms are to the value of ¥. In a sense, the strictly positive value of ¥ is the main
difference between the holomorphic and non-holomorphic cases: in both cases one
applies heavily the corresponding Voronoi summation formula, and even though the
Voronoi summation formulae have a different appearance, what remains after the
Bessel functions have been cashed in in terms of their asymptotics is similar.

1.3 The results: Bounds for short exponential sums with applications

The following is a Maass form analogue of the related estimate for holomorphic cusp
forms due to Ernvall-Hyténen and Karppinen, Theorem 5.5 in [EK]. The proof is
based on techniques analogous to those in [EK].

Theorem 1. Let M € [1,00[ and let A € [1, M] be such that A < M?/3. Then

Z t(n) e(na) < Al/Gfﬁ M1/3+’l9+67
M<n<M+A
uniformly for o € R. This is better than estimating via absolute values when we have
MG+ <« A < M?/3.
When A = M?/3 this gives the upper bound < M?Y/3+4/9t¢ and so splitting a
longer sum into sums of this length and estimating the subsums separately gives the
following bound for longer sums.

Corollary 2. Let M € [1,00[ and let A € [1, M] be such that M?/*> < A < M.
Then
Z t(n) e(na) < A MY/372/9%¢,
M<n<M+A

This is better than the bound < MY/2%e when M2/3 <« A « M(13-69)/18



Actually, Theorem 1 is valid for a slightly larger range of A than Theorem 5.5 in
[EK] is. In fact, with a minor modification [E7], the proof of Theorem 5.5 of [EK]
can be easily modified to give the analogous result for holomorphic cusp forms:

Theorem 3. Let us consider a fized holomorphic cusp form of weight k € Zy for
the full modular group with the Fourier expansion

Z a(n)n"=V/2 ¢(n2)
n=1

for z € C with Sz > 0. Also, let M € [1,00[, A € [1,M], and let « € R. If
A < M?/3 then
Z a(n) e(na) < A6 pY/3FE,
M<n<M+A

where the implicit constant depends only on the underlying cusp forms and . Simi-
larly, if M?/® < A, then

Z a(n) e(na) < A M~2/9%,
M<n<M+A

The proof of Theorem 1 depends on an estimate for short non-linear sums, anal-
ogous to Theorem 4.1 in [EK]. Fortunately, the proof in [EK] works almost verbatim
for Maass forms and we shall indicate the differences later. On the other hand, the
proof of the non-linear estimate requires a transformation formula of a certain shape
for smoothed exponential sums, and this particular result does not seem to have been
worked out before yet. Thus, in Section 4, we will give an analogue of the relevant
Theorem 3.4 of Jutila’s monograph [Ju4], which considers smooth sums with holomor-
phic cusp form coefficients, indicating the crucial differences to the proof of Theorem
3.4 of [Jud]. An analogue of Theorem 3.2 of [Jud] has been given by Meurman in
[Mel].

The following estimates provide a concrete example of how estimates for short
sums allow one to reduce smoothing errors thereby leading to improved upper bounds.

Theorem 4. Let M € [1,00[, h € Z, k € Z1 and (h,k) = 1. Also, let 6 € ]0,1/2]
and assume that k < MY279. Then

Z t(n)e<nh> <s ]{52/3 M1/3+19/3+E.
n<M k
When M3/ G690 =1/249 « ko « MO/189/3 e have

Z t(n)e(rbkh) <« [(1-69)/(4=69) pr3/(8—120)+e
n<M

Similarly, for MP/1819/3 « k< MY?=% we have

Z t(n)€<nh) <s /{32/3 M7/27+ﬁ/9+6.
n<M k

The case k = 1 was considered by Hafner and Ivié¢ [HI] who essentially obtained the
bound < M/3+9/3 For k = 1, the best result to date seems to be < M1027/2827+¢
due to Lii [Lii]. The twisted upper bound k%/3 M1/3+9/3+¢ \as first obtained by
Meurman [Me2]. Similar reduction for certain ranges of k in the case of holomorphic



cusp forms have recently been proved in [V]. The proof is analogous to the approach
of [Iv2].

It is of interest to note here that for small enough k, the rationally twisted sum has
on average (in the mean square sense) the order of magnitude k'/2 M'/4. This kind
of result was first proven by Cramér [C] for the error term in the Dirichlet divisor
problem. Jutila [Ju3] extended this to the divisor problem with rational additive
twists, and in [Jud] Jutila proved the analogous result for holomorphic cusp forms.
We shall elaborate on this in the last section.

Theorem 3 allows us to improve Theorem 1 from [V] in the range k > M1/4:

Corollary 5. Let a(n) be the Fourier coefficients of a holomorphic cusp form as in
Theorem 3. Then, for coprime integers h and k with M*/'0 < k < M5/'® we have

Z a(n)e(nkh> < k1/4 M3/8+€,

n<M

and for M58 < k < M'/?~¢, we have

Z a(n)e(?) < K23 MT/TE

n<M

1.4 The results: an approximate functional equation and applications

Wilton [W2] proved an approximate functional equation for exponential sums involv-
ing the divisor function. Jutila [Ju3] extended this to sums with additive twists, and
in [Ju5] he proved an analogue for holomorphic cusp forms. In [E1] Ernvall-Hyt6nen
improved the error term. The following is an analogue of Ernvall-Hytonen’s result,
and the proof is analogous to that in [E1]. We write h for an integer such that hh = 1
(mod k). Also, to simplify the notation, we write

T(M,A;«a) = Z t(n) e(na).

M<n<M+A

Theorem 6. Let o € R have the rational approximation o = % + n, where h and
k are coprime integers with 1 < k < MY4 and In| < k1 M—1/4, Furthermore, let
M € [1,00] and A € [1,M]. If k?n®> M >> 1, then

T(M,A;a)  T(E*n® M, k* 0 A; B)

+ O((kQ n? M)ﬂ/2—1/12+5)’

M2 (k2n2 M)1/2
h 1
where B = AR
n

Crudely speaking, the terms in the sum on the right-hand side arise essentially from
integrals with stationary points coming from the application of the Voronoi type
summation formula to a suitably smoothed version of the left-hand side.

Wilton [W1] proved that for the normalized Fourier coefficients a(n) of a fixed
holomorphic cusp form,

Z a(n) e(na) < MY? log M,
n<M

uniformly in @ € R. The Rankin—Selberg bound on the mean square of Fourier
coefficients implies that

1 2
/ S aln)e(na)| da= 3" la(n)* = AM +OM?),
0

n<M n<M



for a certain positive real constant A depending on the underlying cusp form, and so
at most the logarithm can be removed from Wilton’s estimate, and this indeed was
done by Jutila [Ju5]. For Maass forms, the estimate analogous to Wilton’s was proved
by Epstein, Hafner and Sarnak [EHS, H]. The following estimate is an analogue of
Jutila’s logarithm removal, and its proof is largely analogous to the arguments in
[Jub].
Theorem 7. We have

Z t(n) e(na) < M2,

n<M
uniformly in o € R.

This is sharp in view of (1).
With the approximate functional equation at hand, we may prove further esti-
mates for short sums.

Theorem 8. Let M € [1,00[ and A € [1,M] with M?/®> < A < M>3/*, and let
a € R. Then

Z t(n) e(na) < MB/BH(BH120)/(32+480) e | A [ y—1/4+30/(32+480)+<
M<n<M+A

In particular, for 9 = 7/64 we have

Z t(n) e(na) < MO85/1192+4 | AM—575/23S4+5’
M<n<M+A

which is better than the estimate < MY/?%¢ for A < M'767/2384 " and for 9 = 0, we
have
Z t(n) e(na) < MY/32+e L A pe—1/4,
M<n<M+A

1.5 Complementary ()-results

Finally, it is naturally interesting to consider what are the limits of estimating short
sums. In [E3] Ernvall-Hytonen proved that, if d € Z, is a fixed integer such that
t(d) # 0, then

Z t(n) e(na)w(n) < AM~V4,

M<n<M+A

where w is a suitable weight function, o = v/d/v/M, and M/?t¢ < A < d~1/2 M3/*,
This immediately implies that for this range of lengths A,

nd\ _ 14
M<T§4+At(n)e(m> = QA M™Y. (2)

This result also has counterparts for the divisor function and Fourier coefficients of
holomorphic cusp forms in the papers of Ernvall-Hytonen and Karppinen [EK] and
Ernvall-Hytonen [E1, E2]. The above Q-result implies that the bound

Z t(n) e(na) < M2
M<n<M+A

from Theorem 7 is sharp for M3/* < A < M.
For sums of length A < M'/2 it turns out that square root cancellation is the
best that could be hoped for. Essentially, combining the truncated Voronoi identity



of Meurman [Me2] with the arguments of Jutila [Ju2], one gets the following mean
square asymptotics
2M 2
Z t(n)| de <A M,
M r<n<e+A

for M2t <« A <« M'?7¢_ In fact, a sharper result could be obtained, but this is
enough for the relevant Q-result. The paper [Ju2] actually considered the behaviour
of the error terms in the Dirichlet divisor problem and the second moment for the
Riemann (-function in short intervals, but the proof for the divisor function carries
through fairly easily for Fourier coefficients of holomorphic cusp forms or Maass
forms. In the last section, we will discuss the second moments with more details,
and add here only that for holomorphic cusp forms second moments of rationally
additively twisted short sums have been considered in the works [E5, E6, V].

We would like to emphasize that there are reasons to believe that even if the best
possible upper bounds conform to the above Q-results, they are likely to be very
difficult to prove. For example, the conjectural upper bounds

Z a(n) e(na) < MY4*e and Z t(n) e(na) < M/4te
M<n<M+M1/2 M<n<M+M1/2

would be analogous to the conjectural upper bound
A(M—I—Ml/Q) _ A(M) < M1/4+s

for the error term in the Dirichlet divisor problem. Jutila [Jul] has proved that if the
last estimate is true, then Riemann’s zeta-function satisfies the bound {(1/2 + it) <
t3/204¢ on the critical line, and this exponent 3/20 is better than the best known
exponent 53/342 due to Bourgain [B] or Huxley’s exponent 32/205 [H2].

1.6 Further complementary results: uniformity and higher rank

We would like to say a few words about Maass forms for GL(n). For them, a Voronoi
summation formula exists and was implemented in [MS1, MS2, GL1, GL2]. It has
been applied to exponential sums weighted by Fourier coefficients of GL(n) Maass
forms. As examples, we mention the works [Mi, LY, E4, EJV, G]. In particular, [Mi]
gives an upper bound for long linear sums in GL(3), and [E4, EJV] give higher rank
analogues of the above mentioned 2-result (2).

We have only considered a fixed cusp form for the full modular group. The
dependence of the upper bound for long linear sums on the underlying cusp form has
been considered in [LY] and [G]. The discussion of the Farey and similar methods
for holomorphic cusp forms in [H1] also considers the depence on the underlying cusp
forms, and the papers [Mel] and [Me2] consider the dependence on the underlying
Maass form.

1.7 Notation

All the implicit constants are allowed to depend on the underlying Maass form, and ¢,
which denotes an arbitrarily small fixed positive number, which is not necessarily the
same on each occurrence. Implicit constants depend also on chosen positive integers
J and K, when they appear.

The symbols <, >, <, and O are used for the usual asymptotic notation: for
complex valued functions f and g in some set {2, the notation f < g means that
|f(z)| < Clg(z)| for all x € Q for some implicit constant C' € R;.. When the implicit
constant depends on some parameters «, 3, ..., we use <q,8,... instead of mere <.
The notation g > f means f < g, and f < g means f < g < f.
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Figure 1. Estimates for short linear sums related to holomorphic cusp forms: a
point (v, 3) on the solid thick line or on the dotted thick line signifies an estimate of
the form

Y. a(n)e(na) < M, or Y. aln)e(na) = QM)

M<n<M+MY ME<n<M+MY

respectively. The first estimate holds uniformly in o € R. The first upper bound seg-
ment comes from estimating by absolute values with Deligne’s estimate for individual
Fourier coefficients from [D], the second and third segments from Theorem 5.5 of [EK]
and Theorem 3, the fourth and fifth segments from Theorem 5.16 in [EK], and the
horizontal sixth segment from Wilton’s and Jutila’s estimates [W1, Ju5]. The first
lower bound segment follows from the work of Jutila [Ju2], and the second follows
from Theorem 6.1 in [EK]. The upper bounds in the range M?3/3%*¢ <« A <« M are
sharp.

The symbol Z; <n<p Signifies summation over the integers n with a < n < b, with

possible terms corresponding to a and b halved if a or b is an integer. The symbol

> L<X.dyadic Signifies summation over the values L = X, L = X/2, L = X/4, ...
Finally, the characteristic function of a set B is denoted by xp, and e(z) denotes
e2™ for all x € R.

2 The Voronoi type summation formula for Maass forms

The main tool in the following is a Voronoi type summation formula for Maass forms
with rational additive twists, proved by Meurman [Me2]. The following result is

Theorem 2 in [Me2].

Theorem 9. For a function f € C([a,b]), where a < b are positive real numbers,

and for a positive integer k and an integer h coprime to k, we have

> te() 5o

a<n<b

T = —nh
~ ksinh7r Zt(n)e( k )
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Figure 2. Estimates for short linear sums related to Maass forms: a point (v, 3)
on the solid thick line or on the dotted thick line signifies an estimate of the form

Z a(n)e(na) < M°T5, or Z a(n) e(na) = Q(M?),

M<n<M+MY M<n<M+MY

respectively, when 1 is taken to be 7/64. The first estimate holds uniformly in
a € R. The first upper bound segment comes from estimating by absolute values,
the second and third from Theorem 1, the fourth and fifth segments from Theorem
8, and the sixth horizontal segment from [EHS, H] and Theorem 7. The first lower
bound segment follows from the arguments in [Ju2] (but see also Theorem 35 below),
the second lower bound segment comes from Theorem 2 in [E3]. The upper bounds
in the range M*/* « A < M are sharp. If ¥ can be taken to be zero, then this
picture reduces to the one in Figure 1.

. /b (J (‘Wﬁ) - J(‘“*ﬁ)) /() da

b
4 coshmh = h 4r/nzx
+ Cozmnz_:lt(_n)eCZ) /sz (knx> f(z)da.

The following upper bound for the K-Bessel function will be enough for estimating
all the integrals involving it:

K, (z) <, 2 %™ <y 274,

where A > 0 is fixed and x > 1. This follows from (5.11.9) in [Le]. Here v is fixed.
In particular, we may estimate

4
o (L) a2, )

for x € [1,00[ and n, k € Z satisfying nz > k?.
For the J-Bessel functions appearing in the Voronoi summation formula, we have,



for every K € Z,, the asymptotics

dmty/nx 4my/nx k'/? sinh 7k —1/4_—1)4
J2in —J 2k =

i 2 = - \/5 n x
K
1 2y
-3 (1) e(¢8 + k”) <1 +YF R xf/z)
+ =1
+ Ok <k1/2+(1<+1) p—1/A—(K+1)/2 x71/47(1<+1)/2> , (4)

again for nz > k2. This follows from (5.11.6) of [Le].

3 Theorems on exponential integrals

The use of the Voronoi summation formula leads to many exponential integrals, and
so we will introduce several facts about such integrals.

Let us consider an interval [M;, M>] C Ry, and let U € Ry and J € Z; be such
that 2JU < My — M. Following [Jud], we introduce weight function n; by requiring
that

J\/fg U Mg*’u.l*...f’u‘]

/nJ(m)h(x)dx:U_J/U/U-~-/ / h(z)dxduy---dugdu;  (5)

My 0 Mi+ui+..+uy

for any integrable function h on R. It is not too difficult to see that actually 5y is
given by the convolution

1 1 1
N7 = XU * X0u] * - * X[0,0] * XMy Mo~ T U]

with U 71X[0,U] appearing J times. In particular, n; is J — 1 times continuously
differentiable on R, and supported in [M7, Ms].
The following saddle point theorem is a special case of Theorem 2.2 in [Jud].

Theorem 10. Let us consider an interval [My, Ms] C Ry, let p € Ry, and let D
stand for the domain

D={z€C:|z—x| < p for some x € [My, Ms]}.

Let f,g: D — C be holomorphic, let F,G € Ry, and assume that F > 1, f(x) € R,
f"(z) > 0 and f"(x) > Fp=2 for x € [My, Ms], and that f'(z) < Fu~' and
g(z) < G for z € D.

Nezxt, let U € Ry and J € Zy be such that 2JU < My — M, U > pwF=12 and
let ny denote the weight function defined as above, namely the convolution

1 1 1
nJ = EX[O,U] * ﬁX[O,U] *o.oxk EX[O,U] * X[My,My—JU]s

with U_1X[O,U] appearing J times.
Finally, let o € R, and let zg € |M1, Ma] be such that f'(z¢) +a =0. Then
Mo
g(@) e(f(z) + ax)n(z) dz
My

= &1(20) 9(wo) f (o) ~1/? e(f(wo) + axg + 1/8) + error,



Ml M2

Ma—U M,

My, Mi+U M+2U Mo—2U Ma—U M,

Figure 3. A sketch of the weight functions 7o, m1 and 72. Please note that for
J > 1 the weight function 7; is C°°-smooth except for the points M; + ¢U and
My — LU, where £ € {0,1,...,J}, where it belongs only to C/~*.

where the error is

< (My— M) (L+p’ U7 Ge Alaln=AF 4 (1 + x(zo) F1/2) Gur=3/?

J
+ U (B;(M;y +jU) + E; (M, — jU)).
j=0

J

Here A is some positive real constant independent of f, g, o, and [My, Ms], x denotes
the characteristic function of the set |My, My + JU[ U My — JU, M|, the symbol
E;(x) stands for

G

(If(@) + al + fr(@)72) 7T

and the factor €5(xq) is as follows:

E;(z) =

1. ]fM1+JU<w0<M2—JU, thean(xo)zl.
2. If My < xg < My + JU, then

&r(xo) = (JIU7) ! i (‘]> (—1)7

i=o M

> e (o) (wo — My — JU) 7,
0<v</2

where j1 is the largest integer with My + j1U < xq.
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3. If My — JU < g < My, then

J2 J ‘
zo) = (JIU7)™? -1y
£(a0) = (J1U7) Z<]>< 1l

Z Cy f”(x())iy (MQ 7.7‘U75L'0)J72V7

0<r<J/2
where jo is the largest integer with My — joU > xq.

The coefficients ¢, are fized numerical constants only depending on J. Furthermore,
&5(x) is continuously differentiable in the intervals |My, My + JU[ and | My — JU, Ms|
except for the points My + jU and Ms — jU appearing in the above sums, and the
derivative satisfies in these intervals, where it exists, the estimate &;(x) < p='+U 1.

Strictly speaking, the last statement about ¢’;(x) does not appear in the statement of
Theorem 2.2 in [Jud], but it follows easily by inspecting the above sums for &;(xg).

Some of the exponential integrals we will meet will not have saddle points. They
can be handled with the following theorem, which is a special case of Theorem 2.3 in
[Jud].

Theorem 11. Let us consider an interval [My, Ms] C Ry, let p € Ry, and let D
stand for the domain

D={z€C:|z—a| <p for some x € [My, Ms]}.

Let f,g: D — C be holomorphic, let F,G € Ry, and assume that f(z) € R and
f'(x) < Fu=t for x € [My, Ms], and that f'(z2) < Fu~! and g(z) < G for z € D.

Nezxt, let U € Ry and J € Zy be such that 2JU < My — My, and let n; denote
the weight function defined as above, namely the convolution

1 1 1
N5 = XUl * X[0,0] % - F X (o,U] * X (M, Mo~ JU]

with U*IX[OyU] appearing J times. Finally, let « € R. Then

Mo

/ o(x) e(f(z) + az) ny (x) d
My
<UGu P77+ (WU + My — M) Ge AT

Here A is some positive real constant independent of f, g, a, and [My, Ms).

We will also use the following lemma for estimating exponential integrals. It is
Lemma 6 in [JM].

Lemma 12. Let My, My € R, and My < Mo, let J € Z, and let g € C/(R,)
with supp g C [My, My], and let Gy and Gy be such that g (x) <, Go GT" for all
x € Ry for each v € {0,1,2,...,J}. Also, let f be a holomorphic function defined
in D C C, which consists all points in the complex plane with distance smaller than
uw € Ry from the interval [My, Ms] of the real axis. Assume that f is real-valued
on [Mi, M) and let Fy € Ry be such that Fy < |f'(2)] for all z € D. Then, for
Pe{1,2,...,J},

Ms p
/g(x) o(f(2)) dz <p Go (G1 F1) " (1 + Gul) (M — My) .
My

11



Finally, for completeness, we state the following two classical tools, known as the
first derivative test and the second derivative test, respectively. For a discussion of
these, see e.g. Section 5.1 in [H1].

Lemma 13. Let M;,Ms € R with My < My, let A € Ry, and let f be a real-
valued continuously differentiable function on |Mi, Ms| such that |f'(x)] = X\ for
x € | My, Ms|. Also, let g be a complez-valued continuously differentiable function on
the interval [My, Ms], and let G € Ry be such that g(x) < G for x € [My, Ms]. Then

i ¢ 1
[o@eiunar<§et [gwia
M,y M,

Lemma 14. Let M;,Ms € R with My < My, let A € Ry, and let f be a real-
valued twice continuously differentiable function on |My, Ms| such that |f"(z)| = A
for x € |My, M[. Also, let g be a complez-valued continuously differentiable function
on the interval [My, Ms], and let G € Ry be such that g(x) < G for x € [My, Ma).

Then
Mo

Mo
G 1 ,
/ ola)elf(a)) dr < Jo b / (@) e

My My

4 A transformation formula for smoothed exponential sums

In the following theorem 41, d2, ... denote positive constants which may be supposed
to be arbitrarily small.

Theorem 15. Let 2 < My < My < 2M;. We assume that My is sufficiently large,
the notion of sufficiently large depending on the implicit constants in the assumptions
below and on §1. Let f and g be holomorphic functions in the domain

D={z€C:|z—x| <cM for some x € [My, M},

where ¢ is a positive constant. Suppose that f(x) is real for x € [My, Ms]. Suppose
also that, for some positive numbers F and G, g(z) < G, and f'(z) < F M for
z € D, and that f"(z) > 0 and f"(x) > F My ? for x € [My, My).

Let r = h/k be a rational number such that (h,k) = 1, 1 < k < M11/2_61,
r < FM;' and f'(M(r)) = r for a certain number M(r) € |My, My]. Write M; =
M(r) + (=1)7m; for j € {1,2}. Suppose that mi < ms, and that

M2 P12 «my < M0,
Define for j € {1,2}

2O ) and = L)

pj,n(f) = f(z) —rz+ (_1)1’71 ( :

and for n < nj; let z;, be the (unique) zero of pj () in the interval | My, Ma[. Also,
let J be a fized positive integer and sufficiently large depending on d and d4. Let

U > F71/2 M11+54 — F1/2 7“71 M{S‘l,
where 04 > 2, and assume also that JU < (My — My)/2. Write for j € {1,2}
Mj=M;+ (=17 JU = M(r) + (-1) m)

VR

12



and suppose that m; = m;. Define
!’ / "\\2 1.2 /
nj = (r—f (MJ)) k= M;.
Then we have

Y na(m)t(m)g(m)e(f(m)) (6)

Mi<m< Ma

5 _
=2 212 Z:(—l)j_1 Z w;(n)t(n) e<_2h> n~l/4 xi}/zl
j=1

n<n;

8
+ 0(1(”2 m2 P16 |2 U F? M;”E) ,

_ 1
(@) D) (i) e (Pj,n (Tjn) + )

where
wj(n) =1 for n<nj, and wi(n) <1 for n<ny,

w;(y) and wg (y) are piecewise continuous functions in the interval ]n},nj[ with at
most J — 1 discontinuities, and

wi(y) < (nj; — né-)i1 Jor nf <y <n;

whenever wj(y) exists.

Proof.  This result is an analogue of Theorem 3.4 of [Jud], the main difference
being the extra factor F Mf *€ in the error term. For space reasons, we do not give
a proof of this result here, and merely indicate the most important differences to the
proof of Theorem 3.4 of [Jud]. A rather relevant observation is that the condition
M?2 |hk| < mq, which appears in Theorem 3.4 of [Ju4], is actually not used in the
proof. Similarly, we do not need the condition in the present Maass form setting
either.

It turns out there is exactly one place in the proof which is sensitive to a non-zero
value of ¥, namely estimating the errors accrued from the second error term from
Theorem 10. By examining the details, we see that the resulting sum over the range

n; < n < n; suffers the extra factor n;?+5, and it is straightforward to estimate

n < F"M?.
One last remark is in order: if we assume that t(n) < d(n)n”, then the factor
M7 in the error term may quite easily be replaced by log M.

5 Estimates for non-linear sums

The savings in the estimates for short sums depend on an estimate for the kind of
nonlinear sums that appear after the application of the Voronoi type summation
formula. In the following theorem, it is essential that the estimate is better when
shorter sums are considered.

Theorem 16. Let M € [1,00[, n € R, B € R, and A € [1, M]. Write F = |B| M'/?,
and assume that M? < AF. Let g be a C'-function on the interval [M, M + A]
satisfying bounds g(z) < G and ¢'(z) < G' on [M, M + A] for some positive real
numbers G and G’'. Then

> tm)g(m) e(nm + Bml/z) < AYO (G + AG) MPV3 L3t
M<m<M+A

13



Proof. This is analogous to Theorem 4.1 in [EK], and in fact, the proof given in
[EK] works almost verbatim in our case, except that now we use Theorem 15 instead
of the corresponding result for holomorphic cusp form, i.e. Theorem 3.4 in [Ju4], and
naturally, when smoothing error is to be estimated, an extra M? appears in a few
places. There is only one point which requires extra clarification, the error term in
Theorem 15 has the extra factor F¥ MY; this time the total error from the error
terms coming from using the transformation formula contributes

< a MV/2H0 pote « AB/6 po-1/3 pite
M )
which is smaller than the desired upper bound.

It turns out that for long sums, the ¢ in the upper bound may be erased. This was
proved by Karppinen in [Ka] by considering the mean value of the relevant exponential
sums. Earlier, Jutila [Ju6, Ju7] had considered similar mean values for holomorphic
cusp forms and the divisor function. The following estimate is Theorem 8.2 in [Ka).

Theorem 17. Let M € [1,00[, n € R, B € R, and A € [1, M]. Write F = |B| M'/2,
and assume that M < F. Let g be a C'-function on the interval [M, M + A] sat-
isfying the bounds g(x) < G and ¢'(z) < G' on [M, M + A] for some positive real
numbers G and G'. Then

Z t(m) g(m)e(nm+Bm1/2) < (G4 AG) MY? RS+,
M<m<M+A

In fact, the proofs of our main theorems do not require Theorem 17 as we could
use Theorem 16 instead. However, one of the upper bounds in Theorem 18 is better
if Theorem 17 is applied instead of Theorem 16.

6 Proof of Theorem 1

We shall prove Theorem 1 by first proving estimates for smooth short exponential
sums. For this purpose, we shall use a wide weight function w € C°(R) taking
only values from [0, 1], supported in [M, M + A], and for which

wW(z) <, A7,

for every nonnegative integer v. The following estimates give an analogue of Theorem
5.1 of [EK].

Theorem 18. Let us be given a small ¢ € Ry, and let § € Ry satisfy § < ¢
with a sufficiently small implicit constant. Let M € [1,00[, and let A € [1, M] with
A > M. Furthermore, let « € R, and let h € Z, k € Z. and n € R be such that

h 1
= hEk)=1, k<K, < —,

where K = A'/2-9,
1. Ifn < A7 then

> tn)e(na) w(n) <5 AVO M
M<n<M+A

2. If A='0 < n and k> n?> M < 1/2, then

Z t(n) e(na) w(n) <5 1.

M<n<M+A

14



3 IFAT « < MA2, K202 M > 1 and k>n M A2 < 1, then

Y tn)e(na)win) <5 1+ kY2 AM YA (k2 g2 M) T

M<n<M+A
4. FAT " << MA2, K202 M > 1 and k> n M A~120 > 1, then

Z t(n) e(na) w(n) <s (k*n? M)ﬁAl/6 M?/3+e,
M<n<M+A

Remark. The proof of the estimate 1 employs Theorem 17. We could use Theorem
16 instead to obtain the upper bound <« AY6=7 N1/3+9+¢  which would be good
enough to obtain the main theorems.

Proof. In this proof we consider € to be fixed. We begin by applying the Voronoi
summation formula to the sum under study. The proof will soon split into two cases
depending on whether 7 is smaller than larger than A~'*%. Voronoi summation
yields

Z t(n) e(na)w(n)
M<n<M+A
M+A

- > t(n) e<2h> ]\[ (J2in — J—zm)<47r\k/ﬂ> e(na) w(x) dz

k sinh 7k
n=1

+4COSh7m it(f ) (nh> J\7AK4 (W) (
. me( ™ sie [ TV () w(a)
M

n=1
Using the asymptotics for the K-Bessel function, and picking some large A € R, ,
the K-series can be estimated by
M+A

1 & - A/2 A2
<az Z / x w(x) da.

M

This is <4 kAP AM~4/2, provided that A > 2, and since k < MY2?79 it is
furthermore <5 1, provided that A >s 1. Similarly, by replacing the J-Bessel
expression by the asymptotics given in (4) with some K € Z,, the resulting O-terms
contribute

M+A
1 9]
<K E Z |t(7’L)| / k1/2+(K+1) n—1/4—(K+1)/2 $_1/4_(K+1)/2 w(x) dx,
n=1 M

and this is again < 1 for a fixed K >4 1. Thus, we are led to

> tn)e(na)w(n) = ii < )

M<n<M+A

M+A

k1/2
[ e S e(+2
M

) (%) g (23, ) e(nz) w(z) dz,

where
K

gi(z; n, k) =1+ Zcét k@ nff/Q xfz/Q’
=1
and C' is some real constant.



6.1 The case n < A~'* in the proof of Theorem 18

Write X = k2 M A3~2. We shall handle separately the terms with n > X and
the terms with n < X. We shall also take the summation . to the outside, and
consider each choice of sign separately.

The high-frequency terms with n > X contribute

1 12, —aja (=
<7 Z t(n)k*n el

n>X
M4A )
/ e Vg (k) e (:I: Mknx + n:c) w(z) dz.
M

Since we now have X2 k=1 M~1/2 > A%/2p, Lemma 12 says that the integral here

1S
M+A

-P
/ dr<p M4 (An1/2k—1M—1/2> A,

M
where P € Z,. Provided that P > 2, the contribution from these high-frequency

terms is

1 kY2 —-P
_ M oag-1/4 1/2 1.—1 ar—1/2
<p Y I~ M (An kM ) A
n>X
< kP12 A1-P ppP/2-1/4 Z It(n)] n~1/4-P/2

n>X
< p kP12 AV-P pP/2-1/4 x3/4-P/2

and for a fixed P >4 1, this is <5 1.
Let us consider next the low-frequency terms with n < X. These contribute

1 /2, —1/4 —nh
< A Z tn)k/*n el

n<X
M+A 9
/ V4 gy (xyn, k) e(i knx + 7756) w(z)dz
M
M+A
= k12 Z / V4 (x)
LLX/2
dyadic
2/ h
Z t(n)n~ Y4 go(x;n, k) e(i knx - % + 7730) dz.
L<n<2L

By Theorem 17, the conditions of which are met under the present circumstances,
the sum ZL<n<2L can be estimated by

< VA2 (M1/2 -1 L1/2)1/3+5/6 < [5/12 Npl/6+e/2 ) —1/3

Thus, the low-frequency terms contribute

< kfl/Q Z AM71/4 L5/12 M1/6+€/2 k71/3

L<LX)/2
dyadic

< k56 A NL/124e/2 x5/12 o A1/6 M1/3+5/2+55/4’
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and we are finished with the case n < A™'*% provided that § < 2¢/5.

6.2 The case > A~'* in the proof of Theorem 18

This time we will choose X = k?7n? M. The high-frequency terms with n > 2X are
again handled in the same way as in the case n < A~!'*°. For an integer P > 2, and
for each choice of the sign +, they are

—nh
<<7 Z k1/2 —1/4 <>
7L>2X k

M+A

2/
/x1/4gi(1:;n,k)e<:|: knx—i-nx)w(x)dx
M

1 —P
<p - Z lt(n)| kY2 =V p—1/A (An1/2 L1 M—l/z) A
n>2X
<p g—1/2+P A1=P prP/2-1/4 x3/4—P/2

For P >; 1, this contribution is again < 1.

If X < 1/2, then the above already proves case 2 of the theorem, so let us assume
that X > 1. The remaining terms, the ones with n < 2X, are then partitioned
into two sets: those with |[n — X| > W and those with |n — X| < W, where W =
k2 M?]A71+26.

So, let us consider the terms with n < 2X and |n— X| > W. The crucial
observations here are that

ﬁiﬁv 1 Xﬁ>> In — X]| w — A1H28
ke kv T kM) Vi WALV~ /X ’

and that, thanks to the assumption n < M A~2,

VX VX VX VX [ <<WA nA
NN k:\f & ) B2 kM2 T M

M

Inl — <AL

Using these appropriately (depending on the sign of n), we conclude that

% (iQéﬁ + nx) k\\rf

and so, by Lemma 12, the terms under consideration contribute

+77>>A 1+26

1
<p = S [tn)| K2 VMY AT A
k
n<2X,
In—X|>W
<p k71/2 X3/4 M71/4 A*QJP A7

and for a fixed P >>5 1 this is again < 1.
Next, if W <« 1, then the remaining terms, the ones with |n — X| < W, contribute

< k—l/? Xﬁ—1/4+6AM—1/4 < k_1/2 (k27’]2M)19_1/4+EAM_1/47

and we have established case 3. Finally, only case 4 remains.

17



So, let us assume that W > 1 and W < X/3. The idea now is to exchange
integration and summation, apply Theorem 16 to the integrand with the parameters

M=X, A=W, and B:%,

observing that the condition A F' > M? of Theorem 16 holds, since it reduces to

W.@

which further reduces to k2 7% A'=2% < 1, which in turn follows from |n| < 1/(kK).
The remaining terms are then seen to contribute

1 /2, -1/4 —nh
<<k Z t(n)k*n el

X-W<n<X+W

> X2

M+A )
/ x_1/4gi(x;n,k)e<:|: kmc—i-nx) w(zx) dz
M
M+A
< kY2 / x4 e(nz) w(z)
M

h | 2y/nz
Z t(n)n=1/4 gj[(a:;n,k)e(—T;C + km:) dx
X-W<n<X+W

M+A 1/3+e/2

5/6
12 / V() <v§> -1/ x1/240 (ﬁk VM> =
M

k2 M A2 5/6 Vave (knM 1/3+¢/2
k71/2AM71/4 k2 2M
< k202 M ( n ) k

12 14 (A1+26
<k AM _—
n

< (k2 772 M)ﬂ AL/6 M1/3+5,

5/6
) 1/2+29 n1/2+219 AfL/A+Y 771/3 NL/3+e/2

provided that ¢ < 3¢/10.

Finally, we still need to consider the case W > X/3. However, in this case, we
will simply split the summation range from max {X — W, 1} to min {2X, X + W}
dyadically, and estimate each subsum exactly as in the above case 1 < W < X/3.

My M - MAA
Figure 4. The weight functions we(z) used in the proofs of Theorem 1, Proposition
19 and Lemma 31.

Proof of Theorem 1. We can now remove the weight function w from the
estimates for short sums. For this purpose we shall introduce a partition of unity of
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|M, M + AJ. Let us define a set of points M, for ¢ € Z by first setting
A
MO =M + o
2
and then for each £ € Z

A A A A
Mig—M+2:|:<4+8+...+2€+1>.

We pick functions wy, € C°(R) such that each wy only takes values from [0, 1], wy is
supported on [Mas—1, Magyo], we =1 on [Mag, Mapiq], and

v AN

for x € [Mag_1, Mapi2] and v € {0} UZ,, uniformly in ¢. Furthermore, wy + wy11 is
to be =1 on [Mapy1, Mapio]. Figure 4 depicts the situation.

Let now A be such that A%/2%9 <« M for some § € R, with § < & with a
sufficiently small implicit constant as in Theorem 18, and let L € Z, be such that

A4E = M2/ GFED),

Here we assume that A > M?/(+69) for otherwise the desired estimate follows from
a simple estimate by absolute values. Since A~1/2+% <« M A=2, we have for any
Farey approximation o = h/k + 1 of order AY/?7% that

1 1 M

In| < Lk AL/2—3 < Al1/2-6 < A2’

Thus, we may apply Theorem 18 to get

A /60 A
Zt(n) e(na) we(n) <s (U) ML/t | - ML/

nez
1/6—9
= 1/3+9+¢
< ( M) MO,

uniformly in ¢, and so

L L A 1/6—9
> D tm)e(na)we(n) <5 Y (M> MBI

{=—Ln€eZ {=—L
< A1/6719 M1/3+’19+€,

and estimating by absolute values,

L

Z t(n) 6(710[) <1 _ Z UM(TL)) < M2/(5+619) MﬁJrs < A1/6719 M1/3+19+E.
M<n<M+A =—L
Proposition 19. Let us be given a small e € Ry, and let 6 € Ry satisfy § < €
with a sufficiently small implicit constant. Let M € [1,00[ and let A € [1, M] satisfy
A > M?/3. Also, let & € R have a rational approzimation o = h/k + n, where
h and k are coprime integers with 1 < k < M3~ and where n € R satisfies
n <k VAY2 gnd n < M A~2. Then

S tn)e(na) <5 AVOTY MUBTIRE L T2 AN (B2 M)§*1/4+s ,
M<n<M+A

where the second term on the right-hand side can be deleted unless A~ 0 < n and
B2y MA~2 « 1 < k2n? M.
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Proof. This is very similar to the proof of Theorem 1 above. In particular, we
may use the same weight functions wy, and we simply have an extra term on the
right-hand side in the case indicated above.

We also need a slightly more complicated version:

Proposition 20. Let us be given a small € € Ry, and let 6 € Ry satisfy § < e
with a sufficiently small implicit constant. Let M € [1,00[, and let A € [1, M| with
A > M?/3. Also, let o € R have rational approzimations

ho

a=— -+ *ﬁJr = *hfL+
7k0 Uofkl Ul—---—kL L,

where L € Z, is chosen so that A4~F =< M?2/3 and that ho,hi,...,h; € Z,
ko,kl,...,kL €Z+ with

B 2A 1/2—46 IA 1/2—6
ko < AV20. k1<(4) k< <4L> ,
and 19,n1, ..., € R with
1 A L /9AN\ /2 L /9AN2
i<t e sat () et (B2)

and assume furthermore that n, < M (A4=%)~2 for each ¢ € {0,1,2,...,L} for
which (A4~ """ <y and kZn2 M > 1. Then

Z t(n) e(na) <5 AY 6=V ppt/3+0+e
M<n<M+A

L
s A .
Yk P MY (kg ) T
{=1

Furthermore, here the term corresponding to a given value of £ can be deleted unless
(A/49 7 < and k2 ne M (A/40) T < 1 < k22 M.

Proof. Again, the proof is very much similar to the proof of Theorem 1, but in
this case each subsum > ¢(n)e(na)we(n) is estimated with a Farey approximation
a = hyg/kjg +nye appropriate for the length of the support of wy, which is > A 4=l
and it is < A4~ for £ > 0 and <2A 471 for £ < 0.

Proof of Theorem 3. These estimates follow from the proofs of Theorems 5.5
and 5.7 in [EK], except that Theorem 5.1 should be modified a little [E7]. The term

kLA \77|71/2 M ~1/2%¢ only appears in the case in which k272 M >> 1, in which case
the relevant estimate (on p. 27 of [EK]) is actually

AM, A, o) < AVO M3+ 4 =12 A N1/ (k2 2 M)e—1/4
< AV ppV/3te 4 =12 A pp1/4,

Thus, the second upper bound of Theorem 5.1 is actually

Z a(n) e(na)w(n) < AYO MYSFE 4 =2 A M1/ 4te
M<n<M+A
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7 Proof of Theorem 4 and Corollary 5

Let U € [1,A/2[. We shall pick a weight function w € C?(R,) taking only non-
negative real values, supported in [M, M + A], identically equal to 1 in the interval
[M + U, M + A — U], for which

wW(z) < U™V,
for each v € {0, 1,2}, and whose derivatives are supported in the set [M, M + U] U
[M + A —U, M + A]. Sums with this weight function can be estimated rather nicely:

Lemma 21. Let X € Ry with X > 1, let M € [1,00[, and let U and w be as above.
Also, let h and k be coprime integers with 1 < k < MY279 where § is a fized positive
real number. Then

h .
Z t(n)e(?ﬂ) w(n) <5 kY2 XYM 432 XV pB3A UL
MLn<MA+A

Furthermore, if we select X = 1/2, we can forget the first term on the right-hand
side of the estimate.

T

| M M+U M+A—U M+A

Figure 5. The weight function w(z) of Lemma 21.

We first show how Lemma 21 is used to prove Theorem 4, and only then present
the proof of Lemma 21.

Proof of Theorem 4. Introducing the above weight function w gives

> t(n)e@h) <UM™ =+ > t(n)e(?)w(n).

M<n<M+A M<n<M+A

If we select U = k2/3 MY/3-29/3 and X = k2/3 MY/3+49/3 in Lemma 21, we obtain

h
Z t(n)e (2)
M<n<M+A

< UM’19+E + k.l/Q X1/4 M1/4 4 k3/2 X71/4 M3/4 U71
< k2/3 M1/3+19/3+57

as required.

When M3/G+69)=1/249 « | <« MO5/18+9/3 we argue similarly, except that now
the smoothing error is <« UY6~Y M1/3+9+¢ by Theorem 1, and we choose X =
K2MU 2 and U = k3/(2-39) pf(1-69)/(4=69) e observe that Theorem 1 is appli-
cable here since a little simplification shows that

M(lfﬁﬁ)/(llfﬁl‘)) — M2/3.

U< (M5/18+19/3>3/(27319) )
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This choice of X and U leads to

> tn) e(?)

n<M
< U1/6—19 M1/3+19+6 + kl/? X1/4 M1/4 4 k3/2 X—1/4 M3/4 U—l
< k(lfﬁ’ﬂ)/(476’l9) J\4’3/(8712’l9)+€7

as required.
When M5/18+9/3 « | < M'/?2=¢ we choose the parameters to be X = k2 M U2
and U = k2/3 M13/27-29/9 g0 that U > M?/3, and get

n;Mt(n) e(TZL)

< UMﬂ/372/9+€ 4 k1/2 X1/4 M1/4 +k3/2 X71 M3/4 U71
< k2/3 M7/27+19/9+6.

Proof of Lemma 21. We shall feed the sum in question to the Voronoi type
summation formula cited in Theorem 9 with the choice f = w. The series involving
the K-Bessel function will be negligible: Pick any A € ]2,00[. Then the series
involving the K-Bessel function can be estimated to be

Lo M+A
<4 z Z [t(n)] / w(z) kAn~ A2 2=42 4z
n=1 M

<4 %A(kM*l/Q)A < %AM*‘SA.

For A >5p 1, thisis <p M~5 for arbitrary B € R.
In the series involving the J-Bessel function, we apply (4) with K = 1. The terms
involving the error term contribute only

Lo M+A
1 5/2, —5/4 —5/4
<<kz:1\t(n)| / w(z) k> n x dz
n= M

< KPP AMTY <« B2 MY <« B2 XA A

In the case X = 1/2, we also have k%2 A M~5/* <« k3/2 M3/4U~1.

We shall consider the series involving the J-function in two parts according to
whether n < X or n > X. The high-frequency terms n > X are again treated by
integrating by parts twice. However, here there will be a slight twist: the bound for
the integral

M+A

24/
/ w(z) kY2 p VA g4 (1 + Cy kn~1/? afl/Z) e(:tknx) dx
M

will be
< k5/2 n—5/4 M3/4 (M—QA + U—l) < k5/2 n—5/4 M3/4 U_l,

instead of < k%/2n=5/4 M3/4U~2 A. The reason for this is that after having inte-
grated by parts twice, the resulting integral is estimated by absolute values, and most
of the terms in the integrands will be supported on supp w’ which is a set of length
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< U. The only terms in which the integrand is supported in a larger set are those,
which still feature w(z) after differentiation, but here the other factors all give an
extra M ! instead of mere U~! upon differentation.

Substituting the bound from integration by parts back into the series, we see that
the contribution from the high-frequency terms is

1 . .
< LY [H)| K/ M U R XV A
n>X

With the low-frequency terms, we estimate the integral in question by the first

derivative test to get

M+A
code << KMV A kvM
v
M

and so the contribution from the low-frequency terms is

< % S )| RV 2T VA MY R MV 0T < B2 XA M
n<X

Proof of Corollary 5. This is proved in exactly the same way as the corresponding
result, Theorem 1, in [V], except that Theorem 3 above is used to estimate the
smoothing error. The only change in the computations when M'/* <« k <« M>/18 is
to observe that when k < M5/18 we have k3/2 M1/* <« M?/3. When k > M5/ we
choose U = k2/3 M'3/27 instead of U = k?/3 M''/?* and we observe that for these
choices we have the required lower bound U > M?/3.

8 Proof of Theorem 6

Let J € Z,. In order to be able to apply the Voronoi summation formula, we shall
consider the smoothed exponential sum

Y. tm)w(n)e(an), (7)

M_1<n< M2

where w is the weight function 7; (see Section 3) which corresponds to the interval
[M_1, Ms] with parameter U € R, which is defined as follows: Let d € R be a small
constant depending on e, and write U = M1/2y=1/2 (k:2 n? M)d. Let My = M—JU,
My = M+A, and My = M+A+JU. Also, we define N; = k% n? M, fori € {—1,1,2}
and N = k?n? M. The choice of J depends on d, and a fortiori on «.

We record here a few simple observations about the paratemer U. First, since
1 < E?9?M and n < k="' M~Y* <« 1, we certainly have U > M2, We also
have =12 <« B2 MY/* <« M3/8, and kK22 M < K2 k=2 M~Y2 M = M'/2, and so
U < M7/8+4/2 and this is o(M) for sufficiently small d.
8.1 Estimating smoothing error
First, we estimate the error caused by the introduction of the weight function w.
Lemma 22. Let M € [1,00[, and let « € R, h € Z, k € Z and n € R be such that

h 1

- 1/4 — =
a—k+n, E<M/*  (hk)=1 and ngMl/‘l'

Furthermore, let U € Ry with U = MY2 =12 (k252 M)", where d € R Then,
given € € Ry, we have
> tn)e(na) < MYV (K1 M)ﬂ/2_1/12+67
MLn<MA+U
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for any fixed d <. 1.

Now, by partial summation and Lemma 22 we have

Z t(n)e(an)w(n) + Z t(n)e(an)w(n)

M_1<n<M My <n<Ms

<< M1/2 (k‘2 772 M)’L9/271/12+E ) (8)

Proof of Lemma 22. Let us first dispose of the case U < M?/3. In this case we
have, by Theorem 1,

Z t(n) e(na) < U1/6719 M1/3+19+6/8
M<n<MAU

1/6—9

< (M1/2 7771/2 (k,2 2 M)d) NfL/3+0+¢/8

< M/2 (/4;2 0 M)ﬂ/2—1/12+d/6—d19 ME/8 /60 771/12719/2'
If k2% M > M'*, then certainly
ME/B | 1/6-9 771/12719/2 < Me/® « (k2 772 M)E/Q'

If k2n? M < M'/*, then

1/12—9/2

p1/12-9/2 771/12719/2 < (M’3/8> — M1/32+39/16

so that

/8 /60 771/12719/2 < ME/8 pL/12=9/2 ) r—1/32+430/16
< ME/8HL/48=1/32-0/8+30/16

Thus, in either case the sums of length U < M?/3 are sufficiently small. The same ar-
gument also takes care of all the later terms which have the shape U'/6=? pf1/3+9+¢,
Let us next focus on the case U > M?/3. Let us first assume that h/k is a Farey
fraction of order UY/2~9 for some small § € R, sufficiently small depending on ¢,
i.e. that || < k=1 U~1/2+%. Here the requirement for sufficiently small also depends
on the relevant conditions in Propositions 19 and 20. We also assume that d is small
enough depending on 4. _ _
We split our sum of length U to subsums of length < U, where we take U =
cU (kK*n* M) ~? = ¢MY25~V2 where ¢ € Ry is a small fixed constant so that
we can be sure that U < U. We get = (k2 n? M)d subsums of lengths satisfying
both > U and < U this way. We wish to apply Proposition 19 to each of our
subsums. This purpose in mind, let us first observe that |n| < k~* U~/2+% and that
n < M U2, since this simplifies to 1 < ¢~2, which holds by choosing ¢ sufficiently
small. Thus, we may apply Proposition 19. The contribution from the first term

of the upper bound from Proposition 19 is < M'/? (k2 n? M)ﬁ/%l/12 in the same

. d . .
way as above, and since there are =< (k2 n? M ) such terms, the total contribution

s < ML/2 (k;2 n? M)ﬁ/2—1/12+d
19 contributes

. For each subsum the second term from Proposition

< k- V20 MVA (k2 772 M)ﬁ—1/4+6/2 :

24



and we again get =< (k2 n? M )d such terms, leading to a total contribution

< k71/2 UM71/4 (k'2 7]2 M)5/2+19_1/4

< k=12 ppi/2 7771/2 (k:2 0 M)d M-L/4 (k:2 0 M)
< M1/2 (kz 172 M)d+6/2+19/2—1/12 (ka 772 M)0/2—5/12

<< M1/2 (k2 ,’72 M)

e/2+4+09—1/4

dte/2+9/2—1/12

Let us observe next that if U > M?®/6, then M>/* <« U3/2. Further,
kM (K22 M) < U249,

for sufficiently small d, so that

1

- -2 (12,2 2d

Thus, if U > M°/% then h/k is indeed a Farey fraction of order U'/?7% and every-
thing is fine.

The remaining length range is M2/ < U < M®/®, and the only problematic
case is the one in which 1 > k=1 U®~1/2, In this case we use Proposition 20 which
involves many Farey approximations possibly different from h/k. Let us consider
one such Farey approximation o = hy/k¢ + n¢, where £ € {0,1,2,..., L}, L € Z,
U4~L =< M3, and hy € Z, kg € Ty, my € R, (he ko) = 1, ke < (ne U427,
and || < k' (v, U474)%/271/2 where vy is 1 or 2, depending on whether ¢ = 0 or
£ # 0, respectively. We first treat in detail the case in which hy/ky # h/k for each
te{0,1,...,L}.

Let us observe that if we had k; < M1/4/2, then we would have

Y Y e — !
Kke S |ke K| SIS A T o e
so that
g\ 1 )
1< ke M—L/4 +k <4£> < 5 +M1/4+€—1/3 _ 5 +Me—1/12 _ 5 +o(1),

which is impossible. Thus, we must have k, > M/4.
Let us now consider the term k;1/2 UA=*M~Y4 (kZn? M
arises when

) I which only

T e and K M(UATO) T < 1< R M

(U4™)
Let us check that the condition 7, < M (U47%)~2 required in this case holds.
Namely, since
k2 M (U471 « 1,

we have
< (U 4—6)1—6
e KM
It is therefore enough that
(U4t oM
k? M (U 4-6)2’



i.e. that (U47%)37% <« kZ M2, Since ky > M'/4, it is enough that U4~ < M>/6,
which is indeed true.

Next, we need to check that the term k;l/Q UA=* M~Y4 (kEn? M
small enough. We have

)19—1/4+€ is

kPUAT MY (k2 p M) < MOV U AT MY (U 40T pp?
< (U459 ppo—3/8+e,

We have
(U4—€)1—19 M19—3/8 < (U4—€)1/6—19 M1/3+19

if and only if (U 47¢)%/6 « M'7/?4, or equivalently, U 4=¢ < M'7/2°, But this holds,
since 5/6 < 17/20.

We still need to check that the condition 7, < M (U47%)~2 holds also in the
case in which kZ2nZ M > 1 and kZ2n M (U47%)~1%% > 1. Since we have U =<

MY/2 =172 (k2 n? M)d, the question is, whether
e < n (K22 M) 4202
If this was not the case, then we could estimate
neS>n (kQ 772 M)72d 426 s, -1 yo-1/2 (kQ 772 M)72d 42t

§/2—1/2
> k;l <4£) /2y 78/2 (k2 772 M)_M 438/2+65/2 5, e M&/de’
giving a contradiction when d is sufficiently small, and we are done.

Finally, we need to treat the case in which hy/k¢ = h/k for some £ € {0,1,...,L}.
In this case, we still proceed as in the proof of Proposition 20 but we estimate the
corresponding subsums . t(n)e(na) wie(n) in a manner similar to our applica-
tion of Proposition 19, i.e. by further splitting them into shorter smooth subsums of
lengths both > U and < U with an appropriate U=cU47 " (k2 n? M) ~ for a small
constant ¢ € R, and then estimating these shorter subsums using Theorem 18.

8.2 Voronoi summation formula and saddle-points: the main terms

Now we consider the smoothed sum (7). We start by estimating terms that arise
when Voronoi summation formula is applied and Bessel functions are replaced by
their asymptotic expressions. As always, the terms involving the K-Bessel function
contribute a negligible amount. Asymptotics of the J-Bessel function lead to certain
exponential integrals which are estimated by using standard tools. We will assume
throughout the proof that > 0, as the other case is similar.

The Voronoi summation formula says that

Z t(n) e(na) w(n)

M_1<n<M2

+ @ it(fn) e(TZL) 7 Ko <4“\k/’ﬁ> e(nz) w(z) da.

n=1
-1

The sum involving K-Bessel function contributes < 1 as before. Replacing the
difference between J-Bessel functions by the asymptotic expression (4) gives
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M_1<n< M2 n=
2
k1/2 2/nx 1
/ a1/ (£1) (i k ) e<$8> g9+ (z;n, k) e(nz) w(z) da,
M_y

where
K
gi(qj; n, k;) =1+ Zczt kj n—Z/Q l‘_Z/Q,
=1
and C’ = i/y/2, just like in the proof of Theorem 18 as the error term from the

J-Bessel asymptotics gives the contribution < 1 when K is fixed and chosen to be
large enough. Now by Lemma 12 we have

Mo

- 2¢/
Zt(n) n~Y/4 / k12 x_1/4e($77 + knx) g+ (x;n, k) w(z)dr < 1,
n=1

1

and so the main terms come from the integrals involving g_.
Let ¢ be a positive constant so that the estimate

o R

kve ™ kvVM

holds when n > ¢N, where N = k2n% M as before. A direct application of Lemma
12 gives

M
2/
Z t(n)n=1/4 / k=12 x_1/4e(x77— knx) g—(z;n,k)w(z)de < 1.
n>cN M_,

For the terms with n < ¢N we split g_(z;n, k) into two parts 1 and g_(z;n,k) — 1
and estimate corresponding terms differently.
For the first term, using the second derivative test we get

3/2

72 $_1/4e<xn - 2\/%) (9—(zin, k) — D w(z)dz < k2

k n3/4'
—1

Therefore we have

M

Z t(n)n /4 / E1/2 x_1/4e(x77 - 2@) (9—(z;m, k) — 1) w(z) dx

n<cN M

<k Z |t(n)| < kN¢ = k(k2ﬁ2 M)s

n
n<cN
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The remaining terms are treated using the first saddle point lemma, Theorem 10.
For 1 < n < cN we get

Mo
2\/nx 14 ﬁnl/z;( n 1)
€\ xn — w(zx)x de=¢(n) Y22 e —— 4+ =
/(” k)() e et
+ O((Mz ~ M) 1+ MUy MA efA\n\MfAm/;ﬁ
k3/2 MY/4
J 1/4 —J-1
+o| My _ L_n
( 32::0 ML 0| VR

+O M_1/4 U_Ji n— \/’E + n1/4 —-J-1
- k~/My — 33U Vk M3/4 ’

where we have written for simplicity £(-) = £;(-/(k*n?)), and where

&m)=0and x(n) =0 ifn< N_qorn>= No,
E&m)=1land x(n)=0 if N<n< DN,
é(n) < 1land x(n) =1 otherwise.

Furthermore, ¢’ is piecewise continuously differentiable and we have ¢/(-) < (k272 U)~!
where the derivative exists.
The main term on the right-hand side produces the total contribution

1oy t(n>e(_7”;j_k7;n)+,;] 3 t<n>5<n>e(—’§f—lﬁ77)

N N<n< N, N_i1<n<N
1 nh n
N Ni1<n<Na n

The first term is exactly what appears in the statement of the theorem. Let us first
estimate the contribution of error terms arising from the saddle point lemma and
after that estimate the contribution of the other main terms.

8.3 The error terms from the saddle point theorem

The first error term contributes

t
k71/2 Z |n(11j?1| (A 4 U) (1 +MJ U*J) M71/4
1<n<eN

AvnM
-exp<—A|n|M1/4 - )
< (A+) M 1/A N3/ g AMYE <l
The second error term is also easy to handle:
t k3/2 M1/4k‘

ni/4 \ p3/4 nl/2
1<n<eN

< k (k2,]72M)E+d+19+1/4 < M1/2 (k2n2M)d—1/12+8

just by using partial summation.
The estimation of the other two error terms is covered by the following lemma.

28



Lemma 23. Let ¢ be any given positive constant. Let T € [M_q, Ms]. Then

—J-1

_ t(n) . _ Vn nl/4
L—1/2 Y VY I B
Z nl/4 N \/Tk + \/EM3/4

1<n<eN
< \/M (anQM)€+79+1/2—Jd.

Proof. We estimate the left-hand side as < S7 + So + S3, where

1/4 —J-1
_—1/2 ap—1/dpr—J I+e—1/4 n
Sy =k"V2 M4y > n (\/EM3/4) ,
[n—k2n2T|<VN
—J-1
_ _ _ _ n
Sy =k~ V2 M VAU > |t(n)|n~Y/* "_\/\gk ,
1<n<k2n2T—/N
and
—J-1
_ _ _ _ n
Sy = k12 pVA g > |t(n)|n~1/* ”_\/gk
k2n2T++V/N<n<cN

Next we compute the claimed upper bound for each of them. Observe that by partial
summation

Sl — M1/2 (kQ ,'72 M)_Jd kJ/Q MJ/4T]J/2 Z n19+€—1/2—J/4
In—k22T|<VN
< M1/2 (kQ ,'72 M)—Jd kJ/2 MJ/4 77J/2 (anQM)19+E—J/4
< M1/2 (kZ ,’72 M)E*Jd“r’l?.

The sum S5 is estimated as follows:

_ - _ - t(n)]
Sy < k 1/2M 1/4M J/2 J/2N dJ |

nl/4
n<k2n2T—vV' N

< k_1/2 M—1/4 M—J/2 nJ/Q N—dJ kJ-‘rl MJ/2+1/2

n—

) VT + vl

Z 1/4 2.9 N J+1
n<k2n2T—V/N K |k n-T n\

< kY2 A1/ /2 nJ/Q N4 I+ pI/241/2 N —T/2-1/2 N T/241/2 £3/4

< /2t nJ/2 MY/A N—AT3/4 o \r3/8 NB/A—dT o pr1/2 N1/2-dT

Finally, the sum Ss is estimated in the same manner as Ss.

8.4 Removing the weight function ¢

By partial summation it is enough to deal with the sum without £(n). Observe that
N—N_1 ZNQ—Nl =k27’]2JU and

k2 772U — (kQ ,',I2 M)d+1/2 kn1/2 < (k,Q ,'72 M)2/3 — N2/3

for sufficiently small d € R.
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Therefore, using Theorem 1 we get that the other two main terms given by the
main term of the saddle point lemma contribute

% oo+ Y t(n)g(n)e<—’;?—k?;‘7])

N_i<n<N N;<n<N3

1

kn
9/2— —dV+e

< M1/2 (k2772 M) /2 1/12+d/6 di+ (kT]l/Q)

< MY? (k2 n? M)ﬂ/271/12+d/67d19+5

1/6—0
<k2 0 ML/2 7]71/2 (k2 2 M)d) / (K22 M)1/3+79+5

1/6—10

<

for small enough d € Ry.
At this point we have proved that

Z t(n)w(n)e(an)

M_1<n< M2

= = t(n)e(—Bn) + 0(1\41/2 (k2772M)5+19+1/2*Jd)

kn N<n<N:
+ O(M1/2 (k‘2 772 M)E+d71/12+19/2) +O0 (k’ (k,Q ,,72 M)s) )

Furthermore, using (8), this tells that

Z t(n) e(an)
M<n<M+A
1

— Fn Z t(n) e(_ﬁn) + O(Ml/Q (k,2n2M)e+19+1/2—Jd)
N<n<N,
4 O(M1/2 (k2 n? M)s+d71/12+19/2> T O(k (k’2772M)€) _
Choosing J sufficiently large depending on d, and letting d € R, to be arbitrarily
small finishes the proof.

9 Proof of Theorem 7

We shall prove theorem 7 first near rational points, and then iterate the approximate
functional equation in the remaining cases until either we end up near a rational
point or the sum in question has become shorter than some given constant.

9.1 Logarithm removal near rational points

The following lemma, which we will soon prove, covers the logarithm removal near
rational points.

Lemma 24. Let M € [1,00[, let « € R, and h € Z and k € Z be coprime with
1<k< MY, and o = h/k +n with |n| < k=P M~V4 If k20> M < 1/2, then

Z t(n) e(na) < k(17619)/(47619) MS/(871219)+5'
M<n<2M

In particular, with the exponent 9 = 7/64 the upper bound is < M?03/428+e « N1/2,

The following Voronoi type identity for Maass forms can be found in Section 12
of Meurman’s paper [Me2].
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Theorem 25. Let x € [1,00[, and let h and k be coprime integers with k > 1. Then

Z;mw(f)=h;Lm§?mw(if>j%Qmeﬁfﬂ>m

4 coshk ~— nh 4my/nv
+ kzt(_n)e(k> /K2m (k) dv,
0

n=1

and where the series are boundedly convergent for x restricted in any bounded subin-
terval of [1, 00].

The integrals involving the J-Bessel function will have an asymptotic expansion rem-
iniscent of those for the J-Bessel function itself. The following asymptotics for the
J-Bessel function integral are obtained from Section 6 of [Me2], and the asymptotics
for the integral involving the K-Bessel function is easily obtained from the asymptotic
properties of Ko..

Lemma 26. Letn € Z,, x € [1,00[, and k € Zy. If nx > k?, then we have an
asymptotic expansion

jm¢@4hyﬁ)w

2/
— |;3/2 ,—3/4 ,1/4 ZALi e(ﬂ: "»”U) T A K20t
T k

+ k5/2 n*5/4 x*1/4 ZA&:‘: 6(:&2 anﬂf) + On(k7/2 n77/4 $73/4)7
+

where Ay 4, A1,—, Az, As 1 and A3 _ are some constants only depending on k, and
the implicit constant in the lower bound nx > k2. Similarly, we have the asymptotic
expansion

[ 474/
/KQim( 7Tk’l’LU> dv = By k.Q Tl_l + OK’C(kQ-&-C n—l—C/Q J:—C/Q)7
0

where C € Ry is arbitrary and Bs is a constant only depending on k and the implicit
constant in nx > k2.

We need one more lemma before the proof as the special value L(1,h/k) will
appear there.

Lemma 27. Let h and k be coprime integers with k > 1. Then
>t h

> e (5h) <

= n k

Proof. It is proved in [Me2] that the rationally additively twisted L-function
attached to our fixed Maass form,

(:8)-E22)

n=1

at first defined only for complex numbers s with Rs > 1, has an entire analytic ex-
tension to C. Furthermore, this L-function, in a sense, satisfies a functional equation
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with I'-factors. Using the fact that the twisted L-functions are <s 1 on the vertical
line s = 144 for any fixed § € R, the functional equations combined with Stirling’s
formula easily give the bound

h
L(Sa k) <5 K21+ |t|)1+25 on the vertical line Rs = —4.
Phragmén—Lindeldf principle then tells us that

D5 ) o B0 ()

in the vertical strip —§ < Rs < 1+ §. Applying this with s = 1 gives the Lemma.
For more details about the functional equations used here, we refer to Section 2 of
[Me2].

Proof of Lemma 24. We begin by integrating by parts:

x=2M
LT tnetna) = elm) St (%) »
2M
_ 2711'771! e(nx)gt(n)e(nkh> dz.

As k < M'Y*, Theorem 4 immediately tells us that the substitution terms are <
(1=60)/(4=60) pr3/(8—120)+¢  We will prove that the term involving the integral is
actually < k*/2 M'/*. The full Voronoi identity for Maass forms tells us that

2M L
nﬂle(m;)n%t(n)e@) da
_ &gt(n)%‘zh) Ze(nx)j%(i sz(‘”{’%» dv dz

41 cosh Tk nh 4my/nv
+kz:1t(—n)e(k>/ (nx /Kgm< >dvd
n= M

We emphasize that termwise integration of the series is allowed since the series con-
verge boundedly. We note that the integral fow involving the K-Bessel function has
better asymptotic behaviour than the similar integral involving the J-Bessel func-
tion, and since the two series otherwise have largely the same shape, it is enough to
consider the series involving Joj,,.

Next we simply replace the fo .)dv by the asymptotics given by Lemma 26.
We start with the contribution from elther of the first main terms. Since k?n? M <
1/2, we have

(i:(i%/@ﬂo Vn vn

= VNt i,
A karn NG n
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Thus, using the first derivative test, the contribution from these terms is
e k2 2 1/4 .,.1/4 \/7
n n’'*x 2{/nzx
< z Z [t(n)| — / e(nz) RYE e(:l: k ) dz
M

1 k2 n1/4 M1/4 kM1/2
7Z| (n)| — - L2 12

< kY2 M4,

The contribution from the constant term of the asymptotics is
2M

<<Zit(n)e<_zh> ]iﬂle(nt)dt

o _

<kY tn) e<_nh) < kM < kY2 M8
n k

The contribution from the third main terms is clearly smaller than that from the first

main terms since kn~'/22~1/2 « 1. Finally, the contribution from the O-term of

the asymptotics contributes

0 2M
< Zl ()| K720~/ / 5/ dg
n= M

< EL MY ES2 N LA 32 g1/ o k,l/Q,
and we are done.

9.2 Away from rational points; applying the approximate functional equa-
tion

When k2712 M > 1, the logarithm removal is implemented quite easily using the

approximate functional equation. The result will be as follows:

Lemma 28. Let M € [1,00[, let @ € R, let h and k be coprime integers with 1 <
E< MY* and let o = h/k +n with |n| < k=Y M~V4 If 29> M > 1, then

Z t(n) e(na) < M2

M<n<2M

We start by applying the approximate functional equation, obtaining:

1 1
M1/2 Z t(n) e(na) = (22 M2 Z t(n)e(np)
k

M<n<2M 22 M<n<2k2n2 M
2,2 9/2—1/12+¢
+O((K*n? M)P 2112ty

where 8 = —h/k — (k?n)~!. Write for 8 a rational approximation 8 = hy/k; +m
with hy and k; coprime and 1 < ky < (k?n? M)1/4 and with remainder satisfying
Im| < kyt (K202 M)=Y4 If k2 n? (k*n? M) < 1/2, then the first term on the right-
hand side is < 1 by Lemma 24, and the error term is clearly < 1, and we are
done.

If instead k7 n? (k?n? M) > 1, then we apply the approximate functional equa-
tion again to the right-hand side, and iterate the above argument as many times as
necessary. Since the length of the new sum from the approximate functional equation
is at most the square root of the length of the previous sum, the exponential sum
term will eventually be covered by Lemma 24 or become shorter than some constant
length. In either case, the sum will ultimately be < 1, and the error terms will form
a nice geometric progression which sums up to < 1.
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10 Proof of Theorem 8
Let us begin with a simple corollary to Theorems 6 and 1.

Lemma 29. Let M € [1,00[ and A € [1, M] with M > 1 and M?/3 < A < M/,
Furthermore, let« € R, h € Z, k € Z4 and n € R with h and k coprime, & = h/k+n),
E<MY* and || < k=Y M~Y%. Also, let k*>n> M = M"Y with v € Ry. Then

Z t(n) e(na) < AV/6=Y NfL/3+0+e | p1/2=(1/12=0/2)7+e
M<n<M+A

Proof. The approximate functional equation of Theorem 6 immediately gives

Z t(n) e(na)

M<n<M+A

1
~ > t(n) e(nf) + O(MY/2~(/12-0/2r1%¢)
n k2n2M<n<k2n2(M+A)

where 3 = —h/k — 1/(k*n). We also have k* > A < (k*n? M)z/3 since this is
equivalent to (k2 772)1/3 A < M?/3 which is true in view of

(k:2 772)1/3A < M~Y6 034 — NT12 o pp2/3,

Thus, we may use Theorem 1 to estimate

) t(n) e(nf)

k22 M<n<k?n?2(M+A)

< (B2 A)Y77 (k22 M) VP

< knAl/Gfﬁ M1/3+19+€’
and the lemma has been proved.

Next, we shall prove from the Voronoi summation formula another estimate for
the same sum which works nicely for a different range of k%1% M.

Lemma 30. Let M,A € Ry with M > 1 and M? < A < M3/*, where B €
[2/3,3/4]. Furthermore, let « € R, h,k € Z and n € R with h and k coprime,
1 <k< MY, a=nh/k+nand|n < E "M% Also, let w € CX(Ry) be
supported on [M, M + A, take values only from [0,1] and satisfy w™)(z) <, A7V
forallz €e Ry andv € {0} UZy. If k*>n> M < 1/2, then

Z t(n) e(na) w(n) < M55,
M<n<M+A

If k2n? M > 1, then, for any S € [1,00],

I+e

S t(n)e(na)win) < K |2 M2 AT (K2 P M) S

M<n<MA+A

+FETV2ZAM Y (S 4 K P A) (K2 M) T s,

Proof. We shall apply the full Voronoi summation formula for one last time and
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write as before

> tn)e(na)w(n)
M<n<M+A
M+A

i it(n)e(?) JZ (J2in — J—2ix) <4W{%> e(nz) w(z) da

ksinh 7k
n=1

N 4 cosh Tk it(f ) <nh> M/+AK_ <W> (
— n)el — %k ’ e(nz) w(x) da.
M

n=1

As in the proof of Theorem 18, the K-terms give only the small contribution < 1.
Also, applying the asymptotics (4) with a sufficiently large fixed K € Z., the error
terms also give < 1. Thus, we have

t(n) e(na)w(n — k—1/2 Ootn n—14, ;ﬂﬁ
M<nZJ:\4+A() )() ;() (k)

M+A
JZ —1/4ZA ( 2%) (j:8>gi(xnk)( ) w(z)dz + O(1),

where A4 are constants, and
K
g+(xz;n, k) =1+ Zc}t K=t =42,
=1

If k2 n? M < 1/2, then we may simply estimate using Lemma 12 with P = 2 that
the infinite series is

e -2
< k172 Z lt(n)|n= Y4 M1/ (A /2 1 M71/2) A

< K2 MAAATY < MP/E MO MBI < MO

Thus, we may focus on the case k2 n% M > 1.
Next, writing X = k?n? M, the high-frequency terms n > 2X contribute, again
using Lemma 12 with P = 2,

< k12 Z It(n n—1/4 p-1/4 (An1/2 L1 M_l/Q)—QA
n>2X
< K32 MBIAATY XA « NpB3/8 VB NP A A « MO/ B/A,

And so we are left with

Y tn)e(na)w —kl/QZAiZ (n) —1/4e<_]:‘h>

M<n<M+A n<2X

214 g (i, B) e(ﬁv,j” n nx) wlz) de + O(MY58-714) 1 O(1).

We shall split the sum an  into three parts

=2t > D

n<2X n<X—-S X-S<n<X'+S  X'4+S<n<2X
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where for simplicity X’ = k?n? (M + A) and S is a parameter to be chosen later but
which satisfies S > 1. The first and third sums might be empty; this happens when
S > k2n? M. Also, large values of S pose no problems in the middle terms as they
are estimated via absolute values. Let us first consider the case S < k?n? M.

The third sum is estimated using Lemma 12 with P = 2 to get

k,—l/Q

X/+S<n<2X

-P
<ETVEONT ) nTVE M AR (ﬁ - |n> A
X'+S<n<2X kv M + A
1
< EL1/2 pp1/A AL x4 e 12
X’+~‘.§L<2X (vVn—vX')?

< k3/2 M3/4 A_l X19—1/4+E Z X 5
X' +8<n<2X (n—X’)
< K32 MBI AT XA g g3 P2 M2 AT X e S

The first terms are estimated similarly, but with a dyadic split over the range of n:

k71/2 Z

n<X—-S

-P
< k=12 tn)|n~ V4 MYVAAP (\/ﬁ - ) A
MZ_SH )l e 7]

< kY2 VAN 2 Z t(n)]

2
L<X—S L<n<2L nl/4 ‘\/ﬁ — \/X‘
dyadic

< k3/2 M3/4 Ale Z Lﬂ71/4+8 Z 1

2
L<X—S L<n<2L In — X|
dyadic

< k3/2 M3/4 A—l X19+3/4+5 S—l < k3 ‘77'3/2 M3/2 A—l X19+£ S_l.
The middle terms are estimated by absolute values to get
EVEYT <k Y )t AMTYA
X—-5<n<X'+8 X-S<n<X'+S
<ETEAMTYA(S 4 By A) XA

When S < X/2, say, then the last estimate follows immediately from estimate by
absolute values. If S > X/2, we may use a dyadic split to estimate:

t t
Z | (1n)| < Z Z [t(n)]
nl/4 nl/4
X—-S<n<X’'+S X—S<L<X'+S5 L<n<2L
dyadic

< Z [O3/4te o xO+3/4te g yO-1/dte

X—-S<LKX'+8
dyadic

Finally, if S > k?n? M, then the first terms and third terms do not exist, and the
middle terms satisfy the same upper bound as before.
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We have obtained

Z t(n) e(na) w(n) < k* |n\3/2 M3/2 AL x9te g1
M<n<M+A

+k_1/2AM_1/4 (S+I€2 ,'72 A) X—1/4+19+e +M9/8—ﬁ—’y/4 +1.
Lemma 31. Let M € [1,00[ and A € [1, M] with M > 1 and M?/®> < A < M3/%,

andleta €ER, h€Z, k € Zy andn € R with « = h/k+n, (b, k) =1, k < MY* and
| < kP MV IFE2 92 M < 1/2, then

> tn)e(na) < MU/ MRS
M<n<M+A

If k10> M > 1, then

Z t(’l’L) e(na) < M11/24 +M4/9+19/3+5 +M3/8+’y/4+719+5 +AM—1/4+M+E’
M<n<M+A

provided that A < MY tr=37/4=79 "yhere v € R is such that k*>n> M = M7, and
w € [0, 00].

Proof. Let us use the same weight functions w, as in the proof of Theorem 1 (cf.
also Fig. 4), and let us pick L € Z, so that A4~1 =< M?/3. Theorem 1 says that

L
Z t(n) e(na) (1 — Z wg(n)>

M<n<M+A {=—L

< (1\/[2/3)1/("*19 MY/3H9+e o \pa/9+9/3+¢

Next, let us consider a single value £ € {—L,—L+1,...,L}. If k?n?> M < 1/2,
then the previous lemma gives the upper bound

L
D t(n) e(na) we(n) < MOS7213 < M1
n=—L

so assume that k2 n% M > 1.

If k2 |n| M A=Y > k27n? A, then we apply the previous lemma with the choice
S = k% |n| M A~! which has been optimized so that the first two terms in the upper
bound coincide. We get

Z t(n) e(na) we(n)

nez
< B V2 AMAR2 In] M AL (k:2 i M)*1/4+19+€ + MO/8-2/3,
Writing || = MO~D/2 k=1 this is
Zt(n) e(na) wg(n) < k,l/2 M1/4 (k2 772 M)1/4+19+€ + M11/24

nez
< MB3/BHV/Atydte | pri1/24
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If k2 |n| M A~ < k?n? A, then we apply the previous lemma with S = k?7% A and
get

Z t(n) e(nor) we(n) < k n| "/ A=2 M3/? (k> n? M)Wr€

neZ
1 k3/2 0 ML/4 A2 (k2 0 M>19*1/4+€ 4 MO/8-2/3,
Now M < |n| A2, so that the first term is

< kInf®’? A2 M2 (K22 a)

and the second term is, writing again |n| = MO ~D/2 =1

=k [n]** A2 M~Y? (K> n? M)l9+E < k12 A2 pp3v/A-5/atr0+e

This is < A M~V4tk+e provided that A < M'T#=37/4=77 and we are done.

Proof of Theorem 8. We shall get the result by combining Lemmas 29 and 31.
To optimize the terms involving -y, we choose g so that

oL 9) 2300000 e qo= —
9 \12 2)70 T g TV M 0T on R

So, let & = h/k +n with h and k coprime integers, 1 < k < MY* and n € R
with || < k=Y M~Y4. When k?7? M > M, Lemma 29 gives

Z t(n) e(na) < A1/6—19 M1/3+19+s + M3/8+(3+1219)/(32+4879)+s.
M<n<M+A

When A < M H#=6/449)% and k2 n?> M < M, Lemma 31 gives

Z t(n) e(na) < M11/24 +M4/9+19/3+€
M<n<M+A
 MB/SH(BTI20)/(324480) e | A ppo1/Atnte

where the exponent u € [0, 00[ is to be chosen later. It is easy to check that

i 114+19 <3+3+1219 for e |0 7
Xy - F = K s .
24’9 3 8 324489 64

Also, it is easy to check that for A < M1Tr=G/44+9)%  we have

AL/6=0 Np1/3+0+e o pr3/8+(+120)/(32+480)+e g 9 ¢ [0 7}
b 64 )

provided that p < (3+129)/(32+489). Combining the above facts gives the estimate

Z t(n) e(na) < MBA/SH(3H120)/(32+489) ke | A pp—1/Abute
M<n<M+A

for A < M'*Tr=(/449)%  However, when A =< M'Tr=B/4+9)% it is easy to check
that

MB/B+EH120)/(324+489)+e . A pp=1/4+ite  for any fixed O € {0 7}
’ 64’
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with equal exponents ¢, of course, if we choose p = 39/(32+48¢). This choice trivially
satisfies the required upper bound < (3 4 129)/(32 4 48¢). Thus, by splitting longer
sums into sums of length M1T#=(3/4+9)% and estimating these subsums separately,
we have

Z t(n) e(na) < M3/8+(3+1219)/(32+4819)+8 +AM—1/4+M+8’
M<n<M+A

with the weaker condition A <« M3/4.

11 Q-results from second moments

We end with some details about the Q-results. Two important results are actually
mean square results for which the key is the following truncated Voronoi identity due
to Meurman [Me2].

Theorem 32. Let x € [1,00], let N € Ry be such that N < x, let k be a positive
integer with k < \/z, and let h be an integer coprime to k. Then

> t(n)e(",f) = %/5 K224 3 i(n) e<2h> n-3/4

ne ™ n<N

dmynr 1/2+49+e pr—1/2
-cos( 3 —4) O(kaz N )

This is simpler than the formulation in [Me2] where care was taken to retain an
explicit dependence on . For a fixed 1, the above formulation follows easily. This
simplified formulation can be used in the same manner as the truncated Voronoi
identities for the error terms of the Dirichlet divisor problem or circle problem, or for
holomorphic cusp forms.

For long exponential sums with rational additive twists, we have the following
result, which is a Maass form analogue of Theorem 1.2 in [Jud].

Theorem 33. For M € [1,00[, and for coprime integers h and k for which k > 1,
we have

2

M
/ Zt(n)e<ﬂ]l€h) dz = AkM3/2 +O(k2 M1+219+€) +O(]€3/2 M5/4+19+s),

1 n<

where A = (672)72 Y |t(n)[> n=3/2.
n=1

For sufficiently small &k, the main term dominates:

Corollary 34. For M € [1,00[ with M > 1 and for coprime integers h and k for
which 1 < k < MY/2729=¢ we have

2

7 > tn) e(?) dw = k M3/2,

n<x

In particular, these sums are Q(k/2 M1/4).

Theorem 33 can be proved in the same way as Theorem 1.2 of [Jud]. After a
dyadic split of the range of integration, the integrals [ ;X with & > /X, can be
estimated simply by absolute values using the fact that the sum in the integrand is
< z'/2 by Theorem 7. In the other subintegrals, we proceed exactly as in [Jud], with
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Theorem 1.1 of [Jud| being replaced by the above Theorem 32. Principally the extra
terms involving ¥ come straight from the error term of Theorem 32. There is one
other place where 1 appears, in the estimation of the sums S; and S in the proof
of Theorem 1.2 of [Ju4], but in the end the two error terms of Theorem 33 dominate
all the other error terms.

For shorter sums we have the following theorem, similar to Theorem 6 in [V].

Theorem 35. Let M € [1,00], let A € Ry with M® < A < M'/?~¢, and let h and
k be coprime integers with 1 < k < AL/2=e Mf=9 . Then

2M 2

> tn) e(?) dz = MA.

M r<n<z+A

In particular, the sum in question is Q(A'/2) when A > M?V+e,

This follows for instance by following the proof of Theorem 6 in [V]: the main
difference is that the error terms k*ZM¢ + kZAY2 M¢ are to be replaced by
k2= M?2te 4 k= AY2 MY+, Except for the error term of the truncated Voronoi
identity, the exponent 9 never appears as the Fourier coefficients are estimated by
the Rankin—Selberg estimate.
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