ON THE NUMBER OF HECKE EIGENVALUES OF SAME SIGN ON GL,

JESSE JAASAARI

ABSTRACT. We study the distribution of signs of the (real-valued) Hecke eigenvalues A(m,1,...,1) of self-
dual Hecke-Maass cusp forms for the group SLy(Z), where n > 2 is an integer. Our main result establishes,
under Generalised Ramanujan—Petersson Conjecture, that apart from o(X) of X < & < 2X the short interval
[z, z + H] contains a subset S (resp. S’) of size > H(log X)l/"z’1 such that A(m,1,...,1) is positive (resp.
negative) for all m € S (resp. m € §’), provided that (log X)lfl/"2 <« H <« X. We also prove a slightly
stronger result unconditionally for GL2 and GL3 Hecke-Maass cusp forms. In addition, we obtain results
under weaker bounds towards Generalised Ramanujan—Petersson Conjecture. Finally, as a by-product of our
methods, we improve earlier bounds for the number of Hecke eigenvalues of same sign also in long intervals
unconditionally for GLs and GL3 Hecke—Maass cusp forms, and under Generalised Ramanujan—Petersson
Conjecture for GL,, forms when n > 4.

1. INTRODUCTION

The distribution of Hecke eigenvalues is a central question in the theory of automorphic forms. During
the past few decades studying statistical properties (such as sizes and sign changes) of Hecke eigenvalues
of automorphic forms has attracted much attention, see e.g. [I5, [16, [36, 19, 17, 25, 26]. The interest in
signs of these eigenvalues partly stems from their connections to other questions such as those concerning
the distribution of zeroes of automorphic forms [3, 20, 8, O] and partly them being higher rank analogues of
real characters. Let f be a Maass cusp form for the group SL,,(Z) with Fourier coefficients A(my, ..., my,—1).
Assume further that the form is an eigenfunction of the full Hecke algebra and normalised so that A(1,...,1) =
1. In this case the Hecke eigenvalue under the m'" Hecke operator is given by A(m,1,...,1).

In this paper we focus on the signs of Hecke eigenvalues. When n > 2 the Hecke eigenvalues A(m, 1, ...,1)
are not necessarily real-valued, but this property is satisfied when the underlying form is self-dual. We
impose this assumption throughout the paper. For the majority of this work we use the notation A(m) :=
A(m,1,...,1) for the Hecke eigenvaluesﬂ Rather than studying sign changes, the aim of this work is to study
the question that how many Hecke eigenvalues of the same sign a given interval contains?

To study this we define the counting function

Nf@) = Y 1,
A0
where ”+” corresponds to A(m) > 0 and ”—” corresponds to A(m) < 0.

When n = 2, Lau and Wu [I8] have shown that the optimal lower bound ./\ffi (z) > = holds in the case
where f is a holomorphic cusp form. For Maass cusp forms (with any rank n > 2) a weaker lower bound
J\/'fﬂE (z) > '~ (log £)?/"~2 has been obtained by Liu and Wu [21] assumin Hypothesis H of Rudnick and
Sarnak [30]. Here ¥, is the exponent towards Generalised Ramanujan—Petersson Conjecture for Hecke-Maass
cusp forms on GL,,. The main reason for this weaker result in the setting of (higher rank) Maass cusp forms
is that the method of B-free numbers used in the case of holomorphic cusp forms is difficult to generalise as
it uses Serre’s estimate [32] on the size of the set {p <z : A(p) = 0} as an input, a analogue of this result
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2Tn fact their result is unconditional for 2 <n<4.
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for (higher rank) Maass cusp forms is not known and is a challenging open problem. Indeed, assuming the
non-lacunarity property
1
> lew

> P
A(p)=0
(which follows from a generalisation of Serre’s result), the B-free number argument of Lau and Wu [I§] would
give the expected lower bound N ;t (z) > « for arbitrary rank n Hecke—Maass cusp forms. Nevertheless, Liu
and Wu [21I] were able to obtain a non-trivial lower bound by different means.

It is natural to wonder whether it is also possible to show that shorter intervals contain plenty of both
positive and negative Hecke eigenvalues. In the classical situation (n = 2) Lau and Wu were able obtain such
a result for intervals of length constant times z/2. Indeed, they showed [I8, Theorem 2] that there exists a
constant C' depending on f so that for sufficiently large = and any € > 0 we haveﬂ

Nf (x + C’xl/z) —Nfi(ﬂc) >, /e,

As far as the author is aware of, no prior results of this type are known in the higher rank setting. The main
goal of the present work is to provide such a result for general Hecke-Maass cusp forms under Generalised
Ramanujan—Petersson Conjecture. Let us set

A = I (1 _ 1) .

p<X p
Ay (p)=0

Observe that (see the proof of Theorem under Generalised Ramanujan—Petersson Conjecture we have
#{m ~ X : Af(m) 7é 0} =f XAf(X)

In this paper we write x ~ X for X <z < 2X.

Remark 1.1. Also note that A¢(X) is the density parameter 6(N; X) appearing in [27] for the multiplicative

setﬂ/\/'z {m e N: As(m) # 0}.

Our first result gives precise information about the number of positive and negative Hecke eigenvalues for

Hecke-Maass cusp forms for the group SL,,(Z) in short intervals [,z + H]| for almost all z in a wide range

of H. Throughout this work the phrase "almost all x ~ X” means that the size of the exceptional set has
size o(X).

Theorem 1.2. Let f be a self-dual Hecke—Maass cusp form for the group SL,(Z). Assume Generalised
Ramanujan—Petersson Conjecture and let 1 < H < X/10 be so that HA;(X) — o0 as X — oco. Then for
all but 05(X) of x ~ X we have that

NE( + H) — NE(z) = %# {m~ X : A(m) £ 0} + o7 (HA;(X)).
In particular,
Ni(z+H) = Nf (z) <f HAf(X)

for almost all v ~ X.
It is also easy to show (see the end of Section 5) that under Generalised Ramanujan—Petersson Conjecture
we have Af(X) > (log X)*Hl/”2 and so we have the estimate

Nif(x+H) = Nf(z) > (log)(“
for almost all x ~ X in the same range of H.

We are also able to prove slightly sharper results for GLo and GL3 Hecke-Maass cusp forms without
assuming Generalised Ramanujan—Petersson Conjecture.

3Throughout the paper, when we write ./\/’;E( c) = N;[( -+) we assume that the choices {+, —} in upper indices coincide.
4More generally, we say that a subset N C N is multiplicative if for any m,n > 1 with (m,n) = 1 we have m,n € N if and
only if mn € N.
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Theorem 1.3. (1) Let f be a Hecke-Maass cusp form for the group SLa(Z). Then for \/log X < H <
X/10 we have

H
+ +
(r+ H) — e
N7 (@ ) = N7 (2) >y s X
for almost all © ~ X.

(2) Let f be a self-dual Hecke-Maass cusp form for the group SLs(Z). Then for (log X)*/?3 < H < X/10
we have

H

for almost all x ~ X.

Note that in the n = 2 case this is much stronger than the resuhﬂ of Lau and Wu mentioned above, of course
with the caveat that our result holds for almost all x.

Remark 1.4. By inspecting the proof one observes that if the asymptotics
> A(p)*logp ~ Cyz

p<z

for the fourth moment is known for some absolute constant C4 > 0, then the conclusions of the previous
theorems hold in the range H > (log X )1*1/ Cato(l)  For GL3 Hecke-Maass cusp forms the self-duality
happens to make C4 = 3 accessible without assuming Generalised Ramanujan—Petersson Conjecture using
currently known results towards Langlands functoriality.

As a direct consequence of Theorem we deduce the following.

Corollary 1.5. Let f be a self-dual Hecke—Maass cusp form for the group SL,(Z). Assume Generalised

Ramanujan—Petersson Conjecture. Then, provided that (logX)l_l/"2 < H < X/10, there are > X/H
pairwise disjoint subintervals on [X,2X] such that if x belongs to any of these subintervals, we have

H

Furthermore, by Theorem the assumption of Generalised Ramanujan—Petersson Conjecture may be re-
moved and the lower bound in may be slightly increased for n € {2,3}. These deductions are made in
Section 7. In the case n = 2 this significantly improves an earlier resultﬁ of Wu and Zhai [38] Theorems 3
and 4] achieved by a different method. Furthermore, as far as the author is aware of, no prior results of this
kind existed in the higher rank setting.

As a by-product of these arguments we are able to produce lower bounds for the quantity A ;E(x) for any
x. The first part of the following result holds for a weak bound for the Ramanujan—Petersson Conjecture
whereas the latter part gives an improved bound under the full Ramanujan—Petersson Conjecture.

Theorem 1.6. Let f be a self-dual Hecke—Maass cusp form for the group SL,(Z).
(1) Then we have

1-29

+ r
Nf (z) > log x

for sufficiently large x.
(2) Assume Generalised Ramanujan—Petersson Conjecture. Then we have

Ni(z) > -

(log z)1—1/n*
for sufficiently large x.

5Their result was formulated for holomorphic cusp forms, but under Generalised Ramanujan—Petersson Conjecture their
method gives an analogous result for GLo Hecke-Maass cusp forms.

6Again7 technically their result is for holomorphic cusp forms, but the argument can be adapted to the Maass cusp form
setting as well.
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The result of Liu and Wu [21] states that ./\/fi(x) > 212 (log 2)?/"~2 and so Theorem E improves their
result by a logarithmic factor.

We can also improve the lower bound for the quantity N fi (z) without assuming Generalised Ramanujan—
Petersson Conjecture for GLy and GL3 forms.

Theorem 1.7. (1) Let f be a Hecke—Maass cusp form for the group SLo(Z). Then we have

X

NF@) > s

for sufficiently large x.
(2) Let f be a self-dual Hecke—Maass cusp form for the group SL3(Z). Then we have

X

NF @) 21 Gogyrs

for sufficiently large x.

The first part slightly improves the bound N’ f (x) >y x/logz, which follows from [26] Theorem 1.2]. The
second part significantly improves an earlier results of Liu and Wu [21] who showed A/ ;t () >f 22/ (log x)~4/3
for GL3 Maass cusp forms. Observe also that for a holomorphic cusp form f, Lau, Liu, and Wu [I9] have
shown that ./\/Siy me2 () >y x. However, the method that achieves this is based on B-free numbers and thus
relies on Deligne’s bound for the Hecke eigenvalues that is not presently available for Maass cusp forms.

Remark 1.8. (1) If one considers Maass cusp forms of higher level, then in the GLs case such a form
may correspond to a representation of dihedral type. For these forms one can show a slightly weaker
bound

x
NE _—
7 (@) >y (log )7/

(2) In the GL3 case one can in turn prove a slightly improved bound

+ _r
N7 (x) >y Tog )13

if the form f is a Gelbart—Jacquet lift of a GLy Maass cusp form that is of octahedral type.

We also apply another method based on the moments of sums of Hecke eigenvalues to obtain results that hold
under a weak Generalised Ramanujan—Petersson Conjecture, but on the other hand simultaneously assuming
Generalised Lindelof Hypothesis for the standard Godement—Jacquet L-function and the Rankin—Selberg
L-function.

Theorem 1.9. Let f be a self-dual Hecke—Maass cusp form for the group SL,(Z). Assume the weak
Ramanugjan-Petersson Conjecture in the form |A(m)| <. m?* . Furthermore, assume Generalised Lin-
delof Hypothesis for L(s, f) and the Rankin-Selberg L-function L(s, f x f).

(1) Let 1 < H < X. Then there exists a subset £(X, H) with |E(X, H)| <. X'T2%*¢/H so that for any
x € [X,2X]\ (X, H) we have

Nf(z+H) = Nf(z) > HX?'~*,

In particular, for H > X?"*¢ the exceptional set has size o(X).
(2) For H > XY/2+0%0 with an arbitrarily small fized n > 0, we have

/\/fi(aﬁLH) f./\/fi(x) >, HX 20—
for any x ~ X.

Finally, assuming the full Ramanujan—Petersson Conjecture we are able to sharpen the factor X~° to a
logarithmic factor in part (2) of the previous theorem.
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Theorem 1.10. Let f be a self-dual Hecke-Maass cusp form for the group SL,(Z). Suppose that x'/?+¢ <
H < x. Assume Generalised Ramanujan—Petersson Congjecture and Generalised Lindeldf Hypothesis for both
L(s, f) and L(s, f x f). Then we have

H

N;t($+H)—N;t(x) >e W.

2. THE STRATEGY

We make a few remarks concerning the proofs. For Theorem our methods largely build upon the work
of Matoméki and Radziwilt [27] concerning multiplicative functions in short intervals. We consider the
multiplicative functions g(m) = sgn(A(m)) and r(m) = |g(m)|, and apply [27, Corollary 1.1] to reduce
the proof to understanding averages of g(m) and r(m) over dyadic intervals. At this stage we are able to
use some arguments inspired by the work of Mangerel [24]. Much of the work involves verifying conditions
needed to apply certain results from the theory of multiplicative functions. This turns out not to be entirely
straightforward.

To remove Generalised Ramanujan—Petersson Conjecture when n € {2,3} (Theorem the key obser-
vation is that such an assumption can be replaced with an estimate of the form, for some absolute constant
Cy >0,

o s MO 5 Lo, (1;)

z<p<lw p z<p<lw

uniformly in z < p < w. As Mangerel notes [23] Remark 1.3], such an estimate is not generally available
unconditionally for n > 3. However, we show that using known results from the theory of automorphic forms
it is possible to obtain such a result without Generalised Ramanujan—Petersson Conjecture for self-dual f in
the case n = 3. This relies particularly on the description of self-dual Maass cusp forms for the group SL3(Z)
due to Ramakrishnan [29].

The proof of Theorem is a simple application of Wirsing’s theorem and multiplicativity of A(m) in
the form that if r is such that A(r) < 0, then A(m) and A(mr) have opposite signs for (m,r) = 1 (assuming
A(m) # 0). Again removing the assumption of Generalised Ramanujan—Petersson Conjecture for n € {2, 3}
(Theorem is based on the observation that such an input can be replaced with, for some constant o > 0,

(2.2) > ]%Ea > ;—0(1();2)’

z<p<w z<p<w
A(p)#0

which can then be verified for n € {2,3}. Such an assumption allows us again to apply results from [27].
Theorem [L.9 relies on estimates for

> A(m) and > JAm)P.

z<m<z+H z<m<x+H

These are needed both for individual x and for averages over z ~ X. Such bounds are achieved by nowadays
standard contour integration techniques. We assume Generalised Lindel6f Hypothesis for simplicity, but a
weaker pointwise bound for L(1/2+ it, f) should also suffice. Finally, the results of the previous theorem can
be somewhat sharpened (Theorem if one assumes Generalised Ramanujan—Petersson Conjecture. This
is a fairly straightforward consequence of Shiu’s bound and the observation that Generalised Ramanujan—
Petersson Conjecture implies the estimate |A(p)|? < n9=2|A(p)|? for any q > 2.

Remark 2.1. Observe that there is a close relationship between estimates (2.1)) and (2.2]). Indeed using an
elementary inequality

2u u?
Luzoy 2 C, 2

with u = |A(p)|? and (5.2), we have that (2.1)) implies (2.2 for a = 1/Cj.
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3. ORGANISATION OF THE PAPER

This paper is organised as follows. In Section 5 we gather the tools needed in the proofs. Theorem [I.2] is
proved in Section 6. Section 7 is devoted to the proof of Theorem and the deduction of Corollary
Section 8 occupies the proofs of Theorems [I.6] and Theorem The final section completes the proofs of
Theorems [[.9 and [LI0

4. NOTATION

We use standard asymptotic notation. If f and g are complex-valued functions defined on some set, say
G, then we write f < g to signify that |f(z)| < Clg(z)| for all z € G for some implicit constant C' € R.
The notation O(g) denotes a quantity that is < g, and f < g means that both f < g and ¢ < f. We
write f = o(g) if g never vanishes in G and f(z)/g(z) — 0 as * — oo. Moreover, we WI‘itEE' f~ugif
f(z)/g(x) — 1 as © — oo. The letter ¢ denotes a positive real number, whose value can be fixed to be
arbitrarily small, and whose value can be different in different instances in a proof. All implicit constants are
allowed to depend on €, on the implicit constants appearing in the assumptions of theorem statements, and
on anything that has been fixed. When necessary, we will use subscripts < g,..., Oq,3,..., etc. to indicate
when implicit constants are allowed to depend on quantities «, (3, ...

Let us also write 14(z) for the characteristic function for z € A. Furthermore, Re(s) and Im(s) are
the real- and imaginary parts of s € C, respectively, and occasionally we write o for Re(s). We write
e(z) :== e*™. As usual, u denotes the Mobius function, Ag denotes the adele ring of Q, and sgn(m) denotes
the sign of an integer m. Also ( is the Riemann zeta function, I" denotes the Gamma function, and -y is the
Euler-Mascheroni constant.

5. PRELIMINARIES

5.1. Automorphic forms. Let f be a Hecke-Maass cusp form of type (v1,...,v,_1) € C"~! for the group
SL,(Z) with Fourier coefficients A(my,...,mp—_1). If the form is normalised so that A(1,...,1) = 1, then
the eigenvalue under the m'" Hecke operator is given by A(m,1,...,1). The key property is that the Hecke
eigenvalues A(m,1,...,1) are multiplicative [4, Theorem 9.3.11].

Next we define the notion of a dual Maass cusp form. Let

Then f is a Maass cusp form of type (v5,_1,....,v1) € C"~! for the group SL,(Z) and it is called the dual
Hecke—Maass cusp form of f. It turns out that

Af(ml, ....,mn_l) = A]:(mn_l, ceey ml)

"This should not be confused with the notation £ ~ L used also for L < ¢ < 2L in this paper.
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for every mq,...,mp,—1 > 1. For Hecke eigenforms a simple application of Mobius inversion shows that
A(ma,.c.ymp—1) = A(mp—1,...,m1). By combining the previous two observations we obtain

Af(m, 17 ceny 1) = A

Flm,1,...,1).

In particular, if the form f is self-dual (f = f), then the Hecke eigenvalues are real-valued.
Associated to such a form f is the L-series given by

Lo g)im 35 AL )

ms
m=1

which converges for Re(s) > 1. This has an entire continuation to the whole complex plane via the functional
equation

L(s, f) =7""" ”/2G( (l—sf>

where

Here A;(v) and Xj(V) are the Langlands parameters of f and f, respectively.

Generalised Lindeldf Hypothesis in the t-aspect states that on the critical line o = 1/2 one has the estimate
L(1/2+1t, f) <. (1 +t|)¢ for any € > 0. The Rankin—Selberg L-function of two Hecke-Maass cusp forms f
and g for the group SL,(Z) is given by

Z Af(ml,.. My, — 1)Ag(m1,...,mn,1)

(my~ 1m§ 2. S Mip—1)®

L(s, f x g) = ((ns)

b

mi,...,Mp_121

which converges for Re(s) > 1. This L-series has an analytic continuation to the whole complex plane if
g # f and has a meromorphic continuation to C with a simple pole at s =1 if g = f. If we set

f X g H Hﬂ-( 2+ ( l/f)+>\ (Vq))/QF < )\ (Vf; )\ (Vg)> L(Svf X g)a

i=17=1

then the functional equation
Als, fx g) = A(1=s,Fx3)

holds; see [4, Theorem 12.1.4].
If L(s, f) has an Euler product representation

oo

L(Svf)zzw:r[ﬂ 1—04”, 75)71

m=1 j=

[y

for large enough Re(s), and similar representation holds for g with parameters «; ,(g), then also the Rankin-
Selberg L-function can be written as an Euler product

s, fxg)= HHH(l_O‘kp afp(g)]fs>_l~

p k=1(=1
Recall that here the complex numbers «; ,( f) are called the Satake parameters of the underlying Hecke-Maass
cusp form f. Analytic properties of L(s, f x f) imply that
Z |A(m17m2a"'7mn—1)|2 ~TEeX

m;L71m372'~~m,,,_1§z
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for some constant 7y > 0 depending on f [4, Proposition 12.1.6, Remark 12.1.8]. As noted in [6l Theorem 6],
we also have the estimate

(5.1) > A1, VP~ g Hp(1) -

m<zx

It was also noted in the proof of [6, Theorem 6] that for

= |A(m, 1, ..., 1)
m=1

we have the factorisation

D¢(s) =1L (s,f X f) Hy(s)
where H(s) is holomorphic and bounded in the half-plane Re(s) > 1/2 4 ). Here ¥ is an exponent towards
Generalised Ramanujan—Petersson Conjecture explained in the next paragraph.

This result can be interpreted as saying that the Fourier coefficients A(my,...,m,_1) are essentially of
constant order of magnitude on average. However, known pointwise bounds for the Fourier coefficients are
quite far from the expected truth. Generalised Ramanujan—Petersson Conjecture predicts that an estimate
of the form A(m,1,...,1) <. m® holds for every £ > 0. There are however approximations towards this
conjecture. Let ¥ = ¥(n) > 0 be the smallest non-negative real number so that the estimate A(m,1,...,1) <,
m?*+¢ holds. It is easy to see that ¥ < 1/2 [, Proposition 12.1.6], but currently it is known that ¢ <
1/2 —1/(n? 4+ 1). This result is due to [I1]. For small values of n sharper results are known. We have that
¥(2) < 7/64, 9(3) < 5/14, and ¥(4) < 9/22 [22]. Generalised Ramanujan—Petersson Conjecture predicts that
the value ¥(n) = 0 is admissible for every n > 2. An equivalent estimate holds for the Satake parameters of
the underlying form f. Namely, we have o ,(f) < p?(™ for every prime p.

Assuming Hypothesis H (which is now known by a work of Jiang [10]), we have the automorphic prime
number theorem, which says that there exists a positive constant ¢ so that

Z |A(p)|*logp =2z + O (xe_c‘/@> .

p<z

By partial summation this gives the uniform estimate

Alp)|? 1 1
(5.2) Z |(;’)|: Z p+0(logz)

z<p<w z<p<lw

for 2 < z < w. A detailed proof can be found in [23, Lemma 5.6]. We also have the estimate

(5.3) > A;p) = Oy (10;) .

z<p<lw

For certain lower rank forms the automorphic prime number theorem holds unconditionally. We record the
following result of Wu and Ye [37, Theorem 3.].

Lemma 5.1. Let m,m’ be positive integers. Let m be an automorphic representation of GL,,(Ag) and 7’ be
an automorphic representation of GLy, (Ag) with at least one of them being self-dual.
(1) Suppose that max{m,m’} < 4. Then we have that

m1+'m'0

. — + 0 (xe‘chOg‘”) if 7~ 7 ®|det |0 for some 19 € R
5.4 Ay (p) A (p)logp = i
54 Z (p) A () 0] (me‘c"log”) otherwise

p<z

for some constant ¢ > 0.
(2) If max{m, m'} > 5, the asymptotic relation holds under the Hypothesis H (for both m and ©'),
saying that

lo 2A7ru2
Z( gp)*|Ax(p”)|

pV

< 0
P
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for any fixed v > 2, with error term replaced by O(x/logx).

It is well-known that under the Langlands correspondence cuspidal automorphic representations of GLa(Ag)
correspond to two-dimensional continuous Galois representations p : Gal(Q/Q) — GL2(C). The classifica-
tion of these representations relies on the image of corresponding projective representations 5 : Gal(Q/Q) —
PGL3(C). Thus automorphic representations of GLy(Ag) fall into distinct types corresponding to finite sub-
groups of PGL2(C). These types are called cyclic (projective image is a cyclic group C,,), dihedral (projective
image is a dihedral group Ds,,), tetrahedral (projective image is the alternative group Ay), octahedral (pro-
jective image is the symmetric group S4), and icosahedral (projective image is the alternative group As).

5.2. Moment bounds. We begin by deriving certain second moment bounds under Generalised Lindelof
Hypothesis. For a closely related result (whose strategy we follow in the proof) for the k-fold divisor function,
see [IL Theorem 1.3].

Lemma 5.2. Let f be a Hecke-Maass cusp form for the group SL,(Z) and suppose that 1 < H < X.

(1) Assume Generalised Lindeldf Hypothesis for L(s, f) and L(s, f x f) in the t-aspect. Let ry be as in
. Then we have

2X 2

Z |A(m)|?> —rpH;(1)- H| do <. HX'T20Fe,
X |z<m<z+H

(2) Assume Generalised Lindelof Hypothesis for L(s, f) in the t-aspect. Then we have
2X 2

> A(m)| de < HX''E
X |#<m<z+H

Proof. The underlying mechanism in both of the estimates is similar. More generally, let ¢(m) be complex

numbers so that
c(m)
L = E .
() ms

m=1

has a meromorphic continuation to the half-plane Re(s) > o¢ (where 0 < 0¢ < 1) with a possible simple
pole of residue ¢y at s = 1. Furthermore, suppose that L(s) satisfies Generalised Lindelof Hypothesis
L(1/2 +it) <. (1 + |t])¢ for every e > 0. Using an inequality of Saffari and Vaughan [31], [5] we have

2X 8H/X X 2
(5.5) / Z c(m) —cyH| do < — / / c(m) —cgfz| dxdp.
X r<m<z+H z<m<( 1+5)

Now using Perron’s formula and shifting contour to the line Re(s) = o9 + £ we have
1 (1+p8)° -1
- - L(s)zs P 7 2 g,
Z c(m) —cp Bz 57 / (s)x . ds
z<m<(1+8)z (co+e)

Next we observe that
A+p)7r -1
o +it < min @1+W

Thus smoothly decomposing the interval [X,2X] and using Plancherel’s theorem we have

2X 2

T 1
S elm)—egfe de xe [ |L<a+it>|2min{ﬁ2,}dt

2
X |esm<+8)e L+l



10 JESSE JAASAARI

Using Generalised Lindelof Hypothesis assumption we may bound the right-hand side by <, X1 T200+sg1—¢,
Plugging this into (5.5 yields

2X 2 8H/X

X
> elm)—cp-H| do <. o . X1H200+e / Blmedp <. HX?0te,

x |z<m<z+H 0
For part (1) we have ¢(m) = |A(m)|?, in which case o9 = 1/2+ 19 and ¢y = ryHf(1). For part (2) we have
c(m) = A(m), o9 = 1/2, and ¢y = 0. This completes the proof. O

The following bounds are also standard.

Lemma 5.3. Let f be a Hecke—Maass cusp form for the group SL, (Z). Assume Generalised Lindeldf Hy-
pothesis for L(s, f) and L(s, f x f) in the t-aspect. Let ry be as in . Then we have

(1)
Z A(m) <. xt/?e;
(2) =
Z |A(m)|2 =r;Hi(1)x+ Oy <x1/2+19+5) .

m<x

Proof. Again the underlying mechanism in both of the estimates is similar. Let ¢(m) and L(s) be as in the
proof of Lemma Suppose further that |c(m)| <. mf*¢ for some 0 < 6 < 1. To estimate the coefficient
sum

we study its first order Riesz weighted sum

R(z) := Z c(m)(z —m).

m<zx

strl
Rlz) = % / L(s) gy s

(2
We shift the contour to the line Re(s) = o¢ + ¢ with a possible simple pole at s = 1 contributing the residue
cg - x?/2. Thus

By Mellin inversion we have

x? 1 x5t
—ep T L(s)— X d
Rlw)=cp- 5 +55 / O ern &
(o0+e)

Now observe that we have
Z c¢(m) =R(zx+1) — R(x) + O, (a:(”e)

and consequently

Z c(m) = ¢y (m + ;) + 1 / L(s)K,(s)ds + O- (z1¢),
= (00+¢)
where

We have the simple estimate

z° ZL’U+1
K.(s)| < min{ ——, ——— .
()] {1+|t 1+|t2}
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Using the bounds to treat the ranges |¢t| < x and [t| > z separately, together with the bound L(og+¢ +it) <
(14 |t])¢, in the integral over Re(s) = og + ¢ it follows that

1
Z c(m) =cy <1- + 2) + O5 (xmax{oo,G}Jre) )
m<x
To prove (1), we have c(m) = A(m), ¢y =0, § =9 <1/2, and og = 1/2. Thus we immediately obtain
Z A(m) <. z'/?+e,
m<zx

as claimed.

For (2), we have ¢(m) = |A(m)[®>. By [6] we have L(s) = L(s, f x f)H¢(s), where Hy(s) is bounded
and holomorphic in Re(s) > 1/2 + 9. Furthermore, L(s) has a simple pole at s = 1 (from the pole of the
Rankin—-Selberg L-function at s = 1) with residue

cy = Hf(l)ResszlL(s,f x f)= Tfo(l).
We also have o9 = 1/2+ ¢ and 0 = 29 < 1/2 + ¥. So have shown that
S A = s Hy(1)a + O (21/247%)
m<xz
as desired. This completes the proof. O

5.3. Multiplicative functions. We now gather results from the theory of multiplicative functions needed
in the proofs. The following is [27, Corollary 1.1].

Proposition 5.4. Let N be a multiplicative subset of N. Let ¢ : N — [—1,1] be a multiplicative function.
Suppose that there exists a constant a > 0 such that for all 2 < z < w,

1 1 1
(5.6) E - >« g --0 ( ) .
z<p<w p z<p<lw p logz
peEN

Then there exists a constant k = k(a) > 0 such that, for all 6 € (0,1/1000) and 2 < hg < X,

1 1
7o > ¢(m>_m 2 #m) <
z<m<z+hod(N;X)? %gj)\(/
meN

outside of a set of [X,2X] of cardinality < Xha‘w, Here

1
SN X) = H (1— ) .
p<X b
pEN
We also require a version of Wirsing’s theorem for non-negative multiplicative functions [35].
Proposition 5.5. Let ¢ : N — [0,00) be a multiplicative function so that

(1) sup,|lo(p)| < A for some A > 0;
(2) there exists T > 0 so that

Z 7¢>(p)plogp = (14 0(1)) logz;

p<z

v o(p")
ZZ piv < 00.

p v>2
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) a( )

p<lz

Then we have

;yw:(

We also require a result complementing Wirsing’s theorem that allows us to say that if ¢ is a multiplicative
function such that |¢(m)| satisfies the hypotheses of the previous proposition, then, provided ¢ oscillates
sufficiently, we have > _ ¢(m) = o(3_,, -, [¢(m)|). The following result of this kind is due to Tenenbaum
[34].
Proposition 5.6. Let T > 1 and ¢ : N — C be a multiplicative function such that

(1) sup,|lo(p)| < A for some A > 0;

(2)
ZZ |p(p” logp ) <B

p v>2

for some B > 0;
(8) Assume furthermore that there is a constant § > 0 such that for any 2 <y < x we have

3 5t () o

y<p<z

Then, as x — o0,

1 1 1+ my(z;T) 1 1
LS o) <ams (1 3 lotml | (P Ly ),

m<x m<x

where we have denoted

[¢(p \*Re (6(p)p~")
me(z = |§?§%Z .

To estimate the quantity mg(z; T) we will require the following special case of [27, Lemma 5.1].
Lemma 5.7. Let ¢ : N — [—1,1] be a real-valued multiplicative function that satisfies the estimate

Z ij’”ga Z ;_O<lo;z>

z<p<lw z<p<lw

uniformly in 2 < z < w for some oo > 0. Let po := (a/3) — (2/37) sin(wa/2). Then for any |t| < X and any
0 < p < po we have

Zlcb I—Re ¢(p)p~")

> pmin {loglog z,3log(1 + |t|logx)} .
p<zx

The final tool from the theory of multiplicative functions is Shiu’s bound [33].

Lemma 5.8. Let ¢ : N — C be a multiplicative function satisfying |p(m)| < dg(m)€ for all m < X. Let
VX <Y <X,6€(0,1), and let YO <y <Y. Then

Z [p(m)| <B,c.6 YPs(X),
Y<m<Y+y

where

Po(X) =[] (1+ pr - 1) .

p<X
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6. PROOF OF THEOREM [I.2]

Put g(m) := sgn(As(m)) and r(m) := [g(m)| = 14, (m)20- Clearly both g and r are multiplicative functions,
and both vanish if Ay(m) = 0. Let

Ry(x; H) == Z r(m) = Z 1 and Gi(x; H) == Z g(m) = Z sgn(Ays(m)).
z<m<z+H c<m<z+H c<m<z+H z<m<z+H
Af(m)#£0
The goal is to relate these short averages to averages over dyadic intervals [X,2X]. Set hy := HA#(X) and
let 0 < 7 < 1/1000 be a parameter chosen later. Applying Proposition with the choices p =1 and ¢ =g
(with N = {m € N: A¢(m) # 0}) gives

(6.1) R( =5 Z m) + O(nHA (X))
m~X

and

(6.2) Gs( =5 Z m) + O(nHA (X))
m~X

simultaneously outside of a subset of z € [X,2X] with size < Xh, " for some absolute x> 0. To see that
the condition holds in this context, note that under Generalised Ramanujan—Petersson Conjecture we
have a simple bound

[Ar(p)I?

Lias )0y 2 nz

Using this together with (5.2 gives the estimate

(6.3) > o 2; (méz)

z<p<w
Af(p)#0
needed.
Choose 7 = (log hg)~'/?*. Note that O < n < 1/1000 for sufficiently large X as hy — oo along with
X. With this choice we have that hy” = exp(—+/loghg). Thus the size of the exceptional set is <y

X exp(—+/log hy) = 0¢(X). Now to complete the proof it suffices to show that, under Generalised Ramanujan—
Petersson Conjecture,

(1)
Y r(m) =5 XAf(X);

m~X

(2)
> g(m) = 0p(XAf(X)).

mr~X
Indeed, under these estimates it follows from (6.1]) and (6.2) that outside of a subset of [ X, 2X] of size 0y(X)
we simultaneously have

Ry(es H) =p HA;(X)  and  Gy(a: H) = op(HA(X)).
This finishes the proof as
1
N (@ + H) = N (2) = 5 (Ry(w; H) £ Gy (w; H)).
To see that (1) holds, by Proposition E 5.5| and a straightforward computation we have

S rtmy = x I (1472221

mn~X p<X
as r(p) € {0,1}.
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But

and so
11 (1 + T(p)l) = As(X).
p<X P
This gives (1).
The argument to establish (2) is slightly more elaborate. For an application of Proposition we require
a lower bound for the quantity my(X;T'). For this we need to obtain a lower bound for

Zl

z<plw p
Af(p)<0

uniformly in 2 < z < w.
As the underlying form satisfies the Ramanujan—Petersson Conjecture we have that |Af(p)| < n and so

|Af(p)| > |Af(p)|?/n. Consequently, using ,
> [As(p)] 1 3 [As ()|

p n
z<plw z<plw

(6.4) == > 119“)(10;)'

Thus, we have

S|

z<p<w z<p<w p z<p<w p
Af(p)>0 Af(p)<0
1 1
>0 Y 50 ()
Z<pgwp log 2
Using (5.3]) we have
¥ A s Wl (L)
z<p<lw p z<plw p logz
Ay (p)>0 Ay (p)<0

Combining these estimates we get

, As(p) Ay (D)l 1 1 1
I PP S — - .
— Z ’ Z P — 2n P Of log 2

z<p<lw p z<p<lw z<p<lw
Ayf(p)>0 Ay (p)<0

As |Af(p)| < n under Generalised Ramanujan—Petersson Conjecture, we conclude the estimates

1 1 1 1
(65) > szae X 50 ()

z<p<w z<plw
Az (p)>0
and
1 1 1 1
9 > 1ram ¥ 10 (5)
z2<p<w p 2n z<p§wp IOgZ
Ap(p)<0

uniformly for 2 < z < w.
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For T > 1 recall that we have defined

)= iy 37 L= Rty
my (X i <T < Z '

We claim that my(X;T) > loglog X uniformly in 0 < T' < X. This can be deduced in an elementary manner
using Lemma [5.7] Indeed, first observe, as g is real-valued, that we have

1 —cos(tlogp) if Af(p) >0
l9(p)| — Re(g(p)p™") = { 1+ cos(tlogp) if Ar(p) <0
0 if Af(p) =0.

In the range (log X)~%/2 < |t| < X we trivially have 3log(1 + |t|log X) (3/2 + 0(1))loglog X, and the
claimed lower bound follows from Lemma (which is applicable by (6.5) and .) at once. To treat
the range |t| < (log X)~'/? we define the parameter Y = exp(y/log X/4) < X and observe that for every
p <Y we have |t|logp < 1/4. Thus, for any such prime we have 1 + cos(tlogp) > 1 + cos(—1/4) > 0. Now
estimating trivially using non-negativity we have

pit) )| = Re(g(p)p~**
5 loto) )y 3 Lo = Reloloh™)

p<X p<Y p
Af(p)<0

<1+cos< )> ; %

We again obtain the required lower bound using and observing that loglog Y =< loglog X. This completes
the proof of the estimate my(X;T) > loglog X.

Next we apply Tenenbaum’s result (Proposition with the choice T = (log X)*. Condition (3) in
Proposition is fulfilled by . The other two conditions hold obviously as g(m) € {0,1}. Using the
previous observations, and the trivial upper bound mg,(X;7T) < loglog X, we have the estimate

14+ mg(X;T) loglog X
emg(X;T) ecn loglog X

for some constant ¢, depending only on n. Thus

loglog X 1
2 gtm) < | 3 r(m) ((é%% - 1ogx)

m<X m<X
=o Z r(m)
m<X
Given (1), this completes the proof of (2), and thus also the proof of Theorem O

We finish this section by showing that Generalised Ramanujan-Petersson Conjecture implies Af(X) >
(log X)~1+1/7*  Indeed, from (6.3) we have

>

p<X
Af(p)=0

1 1
’ < (1 — 712) loglog X + O(1).
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Therefore

logAs(X)= 3 log (1 - ;)

p<X
Af(p)=0

1
=- Y S +0W)

p<X
Ag(p)=0

1
— (1 - n2> loglog X + Of(1),

v

which gives the desired estimate
2
Af(X) > (log X))~/

7. PROOF OF THEOREM [[3]
As in the proof of Theorem it suffices to show that

D r(m) =<y XAp(X)  and > g(m) = of (XAf(X)),
m~X m~X
where g(m) and r(m) are as in that proof.

Again the latter bound follows from Proposition p.6| provided that the function ¢ is sufficiently non-
pretentious.

In the proof of Theorem Generalised Ramanujan—Petersson Conjecture was used to verify conditions
needed for applying Propositions and estimating the quantity my(X;T). We begin with a
general result showing that these conditions can be verified with slightly weaker assumptions and afterwards
justify them for GLy and GL3 Hecke—Maass cusp forms unconditionally.

Let us assume that the following estimates hold uniformly in 2 < z < w:

2
(7.1) 3 7|Af]()p)‘ > %+0f <1O;Z);

z<plw z<plw

72 2 Afp(m:Of (102,2);

z<plw
3 [Ar(p)[* 3 1 1
. — < -
(7.3) P =G D + 05 log 2z
z<p<lw z<p<w

for some absolute constant Cy > 0.
By the Cauchy—-Schwarz inequality we have

A 2\ * 1 A 4
ORI I S SR IS S AT

z<p<w z<p<w p z<p<w p

Af(p)#0
Combining this with the assumptions (7.1)) and (7.3) gives
1 1 1 1
(7.4) 3 Zzof( )
z<p<w p 04 z<p<w p logz
Ay (p)#0
As noted in [27, (13)], such an estimate implies that
> r(m) =p.0, XAf(X)

m~X
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with 7(m) = 14, (m)20- Note also that arguing as in the end of Section 6, (7.4)) leads to the bound Ay (X) >
(log X)~'*1/C_ Now it is enough to show that the conditions (7.1)-(7.3)) imply

(7.5) > g(m) = o5 (XAs(X)).

We need to verify that both inequalities Af(p) > 0 and A¢(p) < 0 occur with sufficiently many primes p. By
interpolation we have

3 2

2 4
Z A (p)] < Z |As(p)| Z |As(p)]
z<plw z<plw p z<p<w p

Combining this with the assumptions (7.1)) and (7.3) gives

Ml 1 1 (1
Z » Z\/@ Z P Of(logz)'

z<p<w z<p<w
Using the assumption (|7.2)) it follows that
A5 (p)] 1 1 1
(7.6) > >—— Y - -0y
z<p<w p 2 04 z<p<lw p logz
Ar(p)<0

and a similar inequality holds for sum over the primes with A(p) > 0.
By the Cauchy—Schwarz inequality we have

2

s o] [y ]y Ao

z<p<lw p z<p<lw z<p<w p
Ay (p)<0 Ay (p)<0

from which we deduce, using ([7.1]) and (7.6]),

1 ( 1 1
> 2z (o) X o
z<p<w p 404 z<p<w p
Af(p)<0

Now the argument can be completed as in the proof of Theorem Indeed, the estimate above yields
mg(X;T) > loglog X uniformly in 0 < T' < X. By Proposition this leads to .

So to complete the proof it suffices to verify conditions |i unconditionally for self-dual GLs and
GL3 Hecke Maass cusp forms. Let us start by establishing part (1) of the theorem. Let Sym?®f be the
symmetric square lift of f, which is a GL3 Hecke-Maass cusp form due to a result of Gelbart and Jacquet
[2]. The Fourier coefficients of f and Sym?f at primes are connected by the relation A f(p)? = Agym2¢(p) +1
and so in particular

Ap(p)! = Asymz (p)? + 2Agymz s (p) + 1.
Using Lemma with 7 = 7/ = Sym?f we have

5 bl =0 (s1055).

p<z

Applying the same lemma with 7 = Sym?f and ©’ = 1 (the trivial representation of GL;) gives

Z Agym2 (p)logp < ze VBT,

p<z
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Combining these observations and the usual prime number theorem gives

> Ap(p)*logp =Y Agymrs(p)’logp +2>  Agyey(p)logp+ Y logp

p<z p<z p<z p<z

=2z +0 (xe_CV 10gm> .

This gives 1) with Cy = 2 by partial summation. We conclude using the bound Af(X) > (log X) 141/ G
The proof of part (2) requires more elaborate arguments. Let IT be a fixed self-dual unitary cuspidal
automorphic representation of GL3(Ag) with normalised Fourier coefficients Ap(m) := A(m,1). As before,

put
An(X):= ]] (1-39).

p<X
An(p)=0

We will use a result of Ramakrishnan [29] Theorem A] saying that every self-dual cuspidal automorphic
representation of GLg(Ag) is, up to a quadratic twist, an adjoint/symmetric square lift from GLg. So, there
exists a non-dihedral cuspidal representation o of GL2(Ag) and a quadratic character v (i.e. v? = 1) such
that
M~ Ad(c)®v

where Ad(o) := Sym®0 ® w; ! with w, being the central character of o.

We distinguish into cases depending on whether o is neither tetrahedral nor octahedral or not. Assume
first that o is of cyclic or icosahedral type. For such representations we show the following.

Proposition 7.1. Assume that II ~ Ad(o)®v, where o is a cuspidal automorphic representation of GLa(Ag)
that is either of cyclic or icosahedral type, and v is a quadratic character. Then we have uniformly in
2 <z<w that

(1)

|[Au(p)]® 1 Ly,
2 p 2 erOH(logZ)’

z<plw z<plw
(2) y
1
z<plw p 082
(3)
A
> By > 2o (1 )
z<p<w p z<p<w 08 %

Proof. The first two bounds are direct consequences of Lemma and partial summation. For (3) we argue
as follows. For simplicity, put p := Ad(c) and 7 := Sym*c ® w;2. By Kim’s symmetric fourth power
functoriality [I2], 7 is an automorphic representation for the group GL5(Ag). Furthermore, by the result of
Kim and Shahidi [14], Sym?c is cuspidal as we assumed o to be of cyclic or icosahedral type.

Denote the Satake parameters of o at a prime p as a, and 8,. Then we have the relations

Ap(p) = O‘pﬂp_l + O‘;IBP +1
and
A (p) = ozf,ﬁp_z + apﬁp_l +1+ a;lﬂp + 04;2512,.
Thus a direct calculation gives
Ay(p)? = alB,% + 0, * B+ 20,8, + 200, B, + 3
=A:(p) + 4,(p) +1

Squaring yields
A,(p)t = A (p)2 + A,(p)? + 14+ 24, (p)A,(p) + 24, (p) + 24,(p).
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Noting that An(p) = v(p)a,(p) and v(p)? = 1 we have

(7.7)

> An(p)*logp

p<z

:ZAT(p)Qlogp—i—ZA,,( logp+Zlogp+QZA logp+2ZA logp—|—22A ) log p.
p<z p<lx p<lzx p<lx p<lx p<lx

Using Lemma [5.1] we have the estimates

Z Ap(p)2 logp =z + Op (me‘chogI) and Z A,(p)logp < xe™ Y log,

p<z p<z
For 7, which is GLj representation, one needs Hypothesis H in order to apply part (2) of Lemma
Fortunately this is exactly one of the special higher degree cases in which this hypothesis is known [13]. As
T is cuspidal and self-dual, we have

> A-(p)’logp=z+ 0, <x>

ot log x

by using part (2) of Lemma Likewise, applying Lemmato the pair (m,7") = (7, p) we have, as 7 and
p clearly cannot be twist equivalent simply because they are of different degree,

ZA p)logp = O, (w)
log x

p<z
Similarly we have
Z A;(p)logp = O, <1x)
= ogx
and finally by the ordinary prime number theorem

Z logp=2+0 (:z:efc\/@> .

p<z

Using these in (7.7)) gives
>~ [ Au(p)|*logp = 3z + On (f ) :
log x

p<z
from which (3) follows by partial summation. This completes the proof of the proposition. O

Thus conditions — hold for cyclic and icosahedral representations. Now the proof can be completed
as before in the case that o is either of these types.

In the opposite case (o is tetrahedral or octahedral) again and hold by Lemma However,
for the fourth moment we need to proceed differently as Sym“co is not cuspidal. But in this case Kim and
Shahidi [I4] have shown that o satisfies Generalised Ramanujan—Petersson Conjecture holds for all primes p.
Thus using the estimate |An(p)| < 3 we trivially have that |An(p)|* < 9]An(p)|?. Hence, using the second

moment bound we deduce that
|AH |AH
< 9
> 5 Ml

z<p<w z<p<lw
1
<o Y Liog ( )
z<p<lw log o
uniformly in 2 < z < w. So ([7.3)) holds also in this case. The proof is completed. O

Finally, we deduce Corollary [[.5] Let S denote the set of points z ~ X for which the estimate
Nf(x + H) —Nfi(x) > HA¢(X)
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holds. By Theorem the set S has cardinality (1—o0(1))X. Choose a maximal H-separated set x1, ...,z €
S. Maximality implies that the intervals [x; — H,z; + H] cover the set S and consequently J > X/H.
Set I := [z; — H/4,z;] for j = 1,...,J. These intervals are pairwise disjoint and for y € I; we have
(xj,z; + H/2] C (y,y + H|. Therefore every positive or negative coefficient that is counted in the interval
(2,2, + H/2] is also counted in the interval (y,y + H]. Applying Theorem[L.2]to the intervals (z;, z; + H/2]
yields the desired result.

8. PROOFS OF THEOREMS AND [

8.1. Proof of Theorem For the part (1) using automorphic Prime number theorem with prime powers
removed [10, Theorem 8.4] and the pointwise estimate A(p) < p” we have

z <Y |A(p)|*logp < 2’ - (logz) - #{p < x : A(p) # 0}
p<z
and so

x1—219

(8.1) #{p < x:Alp) #0} > og s’

Fix a positive integer r so that A(r) < 0 (which exists by a result of Qu). Now for every prime p < z/r s.t.
(p,7) = 1 and A(p) # 0 multiplicativity tells that A(p) and A(pr) have opposite signs. Now the first part
follows immediately from .

For part (2) let us set

Py ={peP: As(p) # 0}.

As we assume Generalised Ramanujan—Petersson Conjecture, we have |Af(p)| < n and so

ip, () > A0

Thus, using the uniform Rankin—Selberg estimate (5.2)) we have

11 A (p)]?
RIEEERS SR

z<p§wp z<p<lw
pEPy
1 1 1
8.2 > — -+0 .
2 > T o ()
z<plw

Using a method of Landau, Qu [28, Theorem 1.1] proved that the sequence {Af(m)}5°_; has infinitely many
sign changes, and so in particular some coefficient Af(r) is negative. Define the multiplicative function

6(m) = p(m)*Lyjm=pep;, (pr)=15

i.e., £(m) is the characteristic function of squarefree integers composed of primes p coprime to r at which

Ag(p) # 0.
We wish to apply Wirsing’s theorem (Proposition [5.5)). Towards this we define a multiplicative function h

by

lA; )2 _
h(p) := n? if (p,r) =1 and  h(p”):=0 forv>2.
0 if p|r
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As we assume Generalised Ramanujan—Petersson Conjecture, 0 < h(p) < 1 and so 0 < h(m) < ¢(m) for
every m. Furthermore, using Lemma [5.1] and partial summation we have

ZM:L > |45 (p)[* logp

2

p<z p n p<z p
(p,r)=1
1 | Ay (p)|* logp
= ) Z T + Or(l)
p<z

(:2 + 0(1>> log .

Now Proposition [5.5| gives the lower bound

(8.3) Z t(m) > Z h(m) > = H (1 - ;) hgj) > a:(log:v)l/"z_l.
msz m<z p<a =0

Consider the set

A= {m € N, squarefree, (m,r) =1, plm = p € P}
Next we observe that for m € A we have Af(m) # 0 and Ag(mr) = Ap(m)As(r). At least half of the
numbers A N [1,z/r] are of the same sign (wlog positive). By the preceding observations there are also at
least this number of negative coefficients in the larger set AN (1, z] as sgn(A¢(m)As(mr)) = sgn(As(r)) < 0.

As the cardinality of the set AN [1,2] is > z(log x)l/”2_1 by 1' this concludes the proof. O

8.2. Proof of Theorem We first prove a general result and then specialise to GL,, with n < 3. Let
a : N — Z be a multiplicative function and define a multiplicative set

Mg :={m eN: a(m)#0}.

Suppose that there exists an absolute constant o > 0 so that

(8.4) > %>0‘ 1_O<lo;z>

z<plw z<p<w p
pEMa
uniformly in 2 < z < w. Then we claim that
(8.5) #{m e M, N[X,2X]} >o XAL(X).

Indeed, this is a fairly direct consequence of [27), Corollary 1.2 (i)], which says that for a given 2 < hg < X
an interval [z, z + hoA,(X) ™! of length hoA,(X) ™! contains >, hg elements m € N such that a(m) # 0 for

all but <, Xh51/2+6 of x ~ X. Choosing hg = C,, to be a sufficiently large fixed constant depending on
« it follows that for a positive proportion of  ~ X we have that

#{m e M, N[z, x4+ Colo(X)1} >, 1.

Summing over  ~ X and noting that every integer is counted at most O(A4(X)™!) times gives (8.5)).
Let us now suppose that a(m) are either Hecke eigenvalues of a GLy or GL3 Hecke-Maass cusp form f.
Now choose r > 2 for which A;(r) < 0, which exists by a result of Qu [28]. We consider the set

Mir={meN: Ay(m) #0, (m,r) =1}.

Note that condition (8.4) holds with M, replaced by M, as removing finite number of primes dividing
causes an error < 1/z. Thus we have

#{m~X:meM;,} > XA(X).

For every m € My, we have Ag(mr) = Ar(m)As(r) and so Af(m) and Ays(mr) have opposite signs. Note
that for m € My, with m < X/r the pairs (m, mr) are disjoint as (m,r) = 1. Thus it follows that

NF(X) > XA(X).
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From the proof of Theorem (see (7.4) and comments following it) we have that under the condition ({8.4))
it follows that Af(X) > (log X)*~! and the condition holds with o = 1/3 for a self-dual GL3 Maass cusp
form f and o = 1/2 for GLy Maass cusp forms, as we have seen. This completes the proof. O

9. ProoFs OF THEOREMS [L.9] AND [1.10]
9.1. Proof of Theorem (1) Let us define the set

rpHp(1) - H

— ~ X - 2
U=z~X: > |Am)’ < 5

z<m<x+H
Note that for z € U we have
reHp(1)-H
LS <y (1) H = YT Ay (m)f?
z<m<x+H
and so from part (1) of Lemma [5.2] and Chebyshev’s inequality it immediately follows that
2X 2

1
| <3 > |Ap(m)|? —rpHp(1) - H| do <.
X r<m<z+H

X 1+20+¢
H
Let us fix an arbitrarily small € > 0. For x € U¢ we clearly have

> |Af(m)| > HXV7F
z<m<zxz+H

using the trivial estimate max,<,<;+u |[A(m)| <. X+e.
Define an another set

Vi=qao~X: | Y Ap(m)| >rpHp(1)- HX 7%
z<m<zx+H

Then by part (2) of Lemma and a simple application of Chebyshev’s inequality we have
2

29+4e 2X X1+219+6
X z<m<z+H

Thus for z € U° NV we have
S Apm) £ > Ag(m)>. HXUTE,
z<m<x+H z<m<x+H

and consequently

1 —9—
> Ap(m) =5 S Aim) £ D Apm) | > HX U,
z<m<x+H z<m<z+H z<m<z+H
Af(m)s0
which gives the claim in view of the pointwise estimate |A;(m)| <. m"*¢. The exceptional set for which this
does not hold has size <. X'*29+¢/H by the bounds on the sizes on & and V. This completes the proof of
the first part.
(2) By Lemma [5.3| we have the estimates

> Ap(m) <2 and > |Afm)P =rpHs(1)- H+ Oy (X1/2+19+€) .
z<m<zx+H z<m<zx+H
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As H > X/249+1 (for some fixed n > 0), it follows that
> |Afm)P =< H,
z<m<z+H

and consequently

> JAf(m)| > HX 7,
z<m<z+H

using the pointwise bound |A;(m)| < X7+=.
Furthermore, in the same range of H we clearly have

S Am)y=o| D |Ap(m)]

z<m<az+H e<m<az+H
Combining these estimates we deduce that
ST JAm) £ Y Ap(m)>. HX U,
z<m<az+H z<m<az+H
and the proof can be concluded as in part (1). O
Remark 9.1. One may wonder whether the results of this section can be improved using a bilinear structure

as in [7]. Unfortunately, it seems that such a strategy does not yield an improvement without assuming the
full Generalised Ramanujan—Petersson Conjecture.

9.2. Proof of Theorem Fix ¢ > 2. By Shiu’s bound (Lemma we have

H |As(p)|?
q E
(9.1) E [Af(m)]? < log exp
z<m<zx+H p<z 1

Under Generalised Ramanujan—Petersson Conjecture we have [Af(p)|? < n?2|A;(p)|?. Together with the
Rankin—Selberg asymptotics (5.2]) this gives

A q A 2
Z' f(p)‘ an—QZ' f(p)‘ znq_gloglog:c—i—O(l).
p

p<z p

Plugging this into (9.1 leads to

9.2) ST JAp(m)|? < H(loga)™ L.
z<m<z+H

p<z

By simple interpolation we also have the estimate

q—2 1
q—1 q—1

Yoo AsmP< | D A m) Y Am)

z<m<zx+H z<m<zx+H z<m<zx+H

As seen in the proof of part (2) of the previous theorem, thanks to the assumptio H > /2% we have that
the left-hand side of the interpolation inequality is =< H. Thus, recalling (9.2) we deduce the lower bound

" |Ag(m)] > H(loga) ™" D/ 0=,

z<m<z+H

We also recall from proof of part (2) in the previous theorem that

Yo Am)y=o| D |Ap(m)]

c<m<zx+H c<m<zx+H

8Recall that we assume Generalised Ramanujan—Petersson Conjecture here.
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for H > z1/2+n,
Thus

STolAim) =Y Ap(m) > H(loga)~ (" P02,
w<ma+H c<m<a+H

By the Cauchy—Schwarz inequality we have

H2(1og:v)_2(”q7 —1/(a-2) (J\/'fi(a?—&—H) —Nfi(x)) Z |Af(m)|2.
z<m<x+H

This implies the claim by recalling the estimate

Y. AP =H

z<m<z+H

for H > /2t and choosing ¢ to be arbitrarily close to 2 as well as noting that

ni=2 -1
lim —— = logn.
q—2 q— 2
The proof is completed. U
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